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Abstract. Automorphisms of a Weyl-type non-associative subalgebra of WN,, s were
studied in [2], [3], [4], [12], [13]. There are various papers on the automorphism groups
of an associative algebra, a Lie algebra, and a non-associative algebra [4], [5], [11]. It
seems that there is no paper on automorphisms of a semi-Lie algebra in the literature. A
degree on an algebra is used to find the derivation group of an algebra in the paper [13].
We find the automorphism groups Autonon (W No,0,1,) and Autosemi—rLie (WNio,OJQH)
of the non-associative algebra WNo 0,1, and the semi-Lie algebra WTO,OJQ[,] respec-
tively in this paper. The results of an algebra in this paper do not depend on its
standard basis.

Keywords: Simple; Non-associative algebra; Semi-Lie algebra; Right identity; Annihi-
lator; m-abelian; Automorphism.

1. Preliminaries

Let N be the set of all non-negative integers and Z be the set of all integers. Let F
be a field of characteristic zero. The non-associative algebra W Ny 1 o,, is spanned
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by the standard basis {#?0"|i € Z} with the usual addition and the multiplication
is defined as follows: for any basis elements z'0", z70" € WNo,1,0,,s

20" 2" = 2 (9" (27)) 9" (1)

by extending linearly on W Ny 10, [1], [6], [13], [14]. W Ny 0.1, is a subalgebra of
mn spanned by {z‘0"|i € N}. Similarly, we define the non-associative al-
gebra WiNy 0.1, , spanned by {20, 276?]i,j € N} with the similar multiplication
(1) (please refer to the papers [9], [15] for these kinds of non-associative algebras.)
For any element € W Ny o,1,,1 € WNy,1,, is aright (multiplicative) identity of
z, if zx] = x holds. The semi-Lie algebra WTO-,OJn[,] is spanned by the standard
basis {2'0"]i € N} with the commutator of W Ny 1, and the semi-Lie algebra
WTWLQ[)] can be defined as WNiwn[’]. We shall define the degree of 270" as

deg(z'0™) =i for 0" € WN0,0,1n[,]. Thus for any element [ of WNO,O,ln[,]v we
can define deg(l) as the highest degree of the non-zero basis term of I [13]. We
can define the non-associative algebra WNO,O,zmm which contains WNp 1,
with the standard basis {}'z20"|i1,i» € N,r = 1,2} with the usual addi-
tion and the multiplication as W Ngg,1,,. So we can define the semi-Lie algebra
WN07072 as WN07071 I’ Throughout this paper, AUtsemi—Lie(WNO,O,ln[_’])

n1,n2 [7]

denotes the set of all semi-Lie algebra automorphisms of WNo,o,1n[ e A Lie (resp.

n|,

semi-Lie) algebra is m-abelian if the dimension of its maximal finite dimensional
abelian subalgebra is m [13]. A Lie algebra is l-abelian if and only if it is
self-centralizing [13], [7], [8]. Note that m-abelian is auto-invariant.

2. Automorphisms of W Ny o,1,, and WNO,O,ln[]

It is well known that the algebras W No,o,1,, and WNo o1, are simple [4], [12],

[13]. Since every non-zero endomorphism of them is a monomorphism, we can
find the following results.

Lemma 2.1. For any 0 € Autyon(WNoo,1,) and any basis element 2902 of
WNo0,15, 0(x10?) = c§q+2(a§ + 2—‘3‘)‘182 holds, where c3 € F* and ¢4 € F.

Proof. Let 6§ be an automorphism of WTWQ. Since the right annihilator of
WNo,0,1, is spanned by 9% and z9?, and %282 is a right identity of WiNg 0,15,
we have
0(0%) = 120 + c20° (
0(x0?) = c3200” 4 ¢40° (
0(2%0°%) = 220 + c520% + ¢60° (

=W N
—_ O —
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where c¢1,--- ,cg € F. We have the following two cases ¢; = 0 and ¢; # 0.

Case I. We assume that ¢; # 0 in (1). By 6(0? * 230%) = 60(x0?), we have
0(x30?) = c72%0? + cgxd? + c90?, where cq,c3,c9 € F. By 0(20? x 230?) =
60(220?), we have

0(x0?) * 0(230%) = 60(2*9%) (5)

Since deg(0(xd?)) = 1, deg(0(230?)) = 1, and deg(0(220?)) = 2, the equality
(5) does not hold. This contradiction shows that ¢; = 0.

Case II. Now, we assume that ¢; = 0 in (1). We put the equalities (2) and (3)
hold. Tt is easy to prove that c3 # 0. By 0(20? * 230?%) = 60(220?), we have

3
X

0(220%) = — 8% + 10220% + c1120% + 1207,
c3

where ¢y, c11,c12 € F. By 0(0% * 230%) = 60(x0?), co = % and ¢jp = 2%, that

C2
3
is,
3
3
0(a20?) = 02 + 2222207 + ¢1120° + c120°
C3 C3

By 0(20? * 230%) = 60(220?), we also have c5 = % and ¢g = 2—2‘, ie.,
B 3

0u20%) = 220° + A0 4 B = (2 4 D207 (6)
— 1g2 =
C3 C3 C3

2 3
By 0(220% * 230?) = 60(230?), we have ¢; = 36% and c1p = &, ie.,
3 3

3 2 3
T 3c 3c c c
T8+ Tha?0? 4+ TAapd? + 207 = oy (o + —)30?
C3 Cc3 C3 C3 C3

0(2°9?) =

By (6) and 6(9? * 210%) = 120(229?), we have

4 6 3 6 2
0(z49%) = 292 + 257 92 4 2BT 92 | 0 1020% + ¢140°
2 32 2
3 3 3

3
where c13,c14 € F. By 0(220? * 20?) = 120(2%0?), we have c13 = 46% and
3

4
c .
C14 = 7c§’ that 18,
3

4 6 3 6 2 4 3 4
0(z49?) = %62—1- 05;3 5 1 062m 82+%x82+c—‘6‘82 :ng(x_i_%)%z
c3 3c3 c3 c3 c3 c3

Thus by induction on p € N of 2P92, we can assume that 0(2P0?) = 37 (z +

z—‘;)p('?Q holds. Since the right annihilator of 8% is spanned by {9% z9?} and



328 Ki-Bong Nam, Moon-Ok Wang and Seul Hee Choi

the fact that deg(0(z?9” * 2P719%)) = p + 1, deg(d” * ) = deg(l;) — 2 and
deg(xd? x1;) = deg(l1) — 1 we can prove that (zPT19%) = c; 7™ (z + %g)pH@Q
by appropriate inductions where l1,ly € W Ny g 1,. This completes the proof of
the Lemma. n

Note 2.2. For any basis element z790? of WNg 1, (resp. WTWQM)’ cg € F*
and c4 € F, we can define an F-linear map 6., ., of W Ny 0,1, (resp. WN0’0,12[’])
as follows:

Oy ca (270%) = 57 2 (a + %)P&?
Then 6 can be linearly extended to a non-associative (resp. semi-Lie) algebra
automorphism of W Ng 1, (resp. WN0’0,12[’]).

Proposition 2.3. The non-associative algebra automorphism group
Autyon(WNo0,15) of WNo o1, is generated by 0., ., which is defined in Note
2.2 with the appropriate constants in Note 2.2.

Proof. The proof of this Proposition is straightforward by Lemma 2.1, hence we
omit the proof. [

Theorem 2.4. The automorphism group Aut,on(W Noo,15) of WNg 0,1, is gen-
erated by O, ., which is defined in the above Note with the appropriate scalars
in the Note.

Proof. The right annihilator of W Ny g 1, is spanned by {9?, 20} which is auto-
invariant. For any [ € WiNy o,1,, by the facts that deg(2'0? x1) = deg(l) +i — 2,
12—?32 is a right identity of WiNg o1, and deg(z?9? 1) = deg(l), we can prove
the similar results of Lemma 2.1 for W Ng o,1,. This completes the proof of the
Theorem by Note 2.2. [

Theorem 2.5. The non-associative algebra automorphism group

Autyon(WNo1,0,) of WNo 1,0y is generated by 0., 0 which is defined in Note
2.2 with the constants in Note 2.2. For ni,ny € N, if ny # na, then the non-
associative algebra automorphism group AUtnon(WNO,l,Onl) is isomorphic to the

non-associative algebra automorphism group AUtnon(WNo,1,on2)~

Proof. Since the right annihilator of WNg 1,0, is spanned by {z79%|1 < j < 2}
and by 0(x0? * “”2—?82) = (x0?), we can prove the similar results in Lemma 1
with ¢4 = 0. Thus, Aut,on(W No1,0,) is generated by 6., in Note 2.2. The



Automorphism Group of a Non-Associative Algebra I 329

remaining results of the Theorem is obvious. This completes the proof of the
Theorem. [ |

We note that the automorphism group Autnon(WNoJ}on) is a subgroup of
the automorphism group Aut,,on(W Noo,1,,)-

Lemma 2.6. The semi-Lie algebra (WN070,12[ ]) is 2-abelian and its finite dimen-

sional mazimal subalgebra < 0%, 20% > spanned by 0 and x0? is auto-invariant.

Proof. The proof of Lemma is straightforward by the fact that the algebra has
the well defined order, and hence the proof is omitted. [

Lemma 2.7. For any 0 € AUtnon(WNo,o,12H) and any basis element x20% of
WNoo.15() 0(z99%) = c3 T (x + Z—i)q(?Q holds, where c3 € F® and ¢4 € F.

Proof. Since the semi-Lie algebra WN070’12[] is 2-abelian, %282 is ad-diagonal
with respect to its standard basis, and every non-associative algebra automor-
phism of the non-associative algebra W Ny 1, is a semi-Lie algebra automor-
phism of WNO’O’12[]

algebra W Ny o,1,. By Note 2.2, this completes the proof of the Lemma. [ |

, the similar results of Lemma 2.1 holds for the semi-Lie

Theorem 2.8. The automorphism group AUtsemi(WNO,O,12H) of WN0’0’12[] 18
generated by O, ., which is defined in Notes with the constants in the Notes.

Proof. Since WN070712[] is 2-abelian, the proof of the Theorem is similar to the
proof of Theorem 2.4, and is hence omitted. ]

Corollary 2.9. The automorphism group Autsemi(WNoﬁLo%]) of WNO’L()?[’] 18
generated by 0., o which is defined in Notes with the constants in the Notes.

Proof. By Theorem 2.5 and Theorem 2.8, the proof of the Corollary is straight-
forward, and is hence omitted. [ |

Proposition 2.10. If ny # ns, then the non-associative algebra I/VNO}OJH1 18 not

isomorphic to the non-associative algebra WN070,1n2 as non-associative algebras.

Proof. Without loss of generality, we can assume that n; > no. If 6 is an iso-
morphism from WNo,o,1m to WN0,0,1n27 then there is no pre-image of 9™ in
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WN0,0,1n1~ This contradiction shows that there is no isomorphism between them.
[

Actually, if ny # no, then there is no non-zero non-associative algebra ho-
momorphism from WNo,0,1,,, tothe non-associative algebra WNoo,1,,- Similar
proof of Proposition 2.10, if n; # ng, then there is no semi-Lie algebra isomor-

phism from WTWM (] to W]\fioy(nn2 ok The semi-Lie algebras WTWM 0] and
mm[] are simple. Thus if n; # ng, then it is easy to prove that there is
no non-zero homomorphism from VVNio,o,ln1 L] to mm Bk

Theorem 2.11. Let Ly be a mq-abelian Lie (resp. semi-Lie) algebra and Lo be a
mq-abelian Lie (resp. semi-Lie) algebra. If my # ma, then Ly is not isomorphic
to Ly as Lie (resp. semi-Lie) algebras.

Proof. The proof of the Theorem is standard, so we omit the proof. [

Proposition 2.12. If ny # na, then there is no non-zero non-associative (resp.
semi-Lie) endomorphism 6 of WNy g2 (resp. WNpo2 H) such that

ni,n2 ni,n2

O(07") = c05?, where ¢ is a non-zero scalar.

Proof. 1If there is a non-zero endomorphism between them, then we can derive a
contradiction easily. We omit the proof of the Proposition. [

Proposition 2.13. The non-associative algebra WNoo2, . has a subalgebra

ni,n
d by Tom, TLgpr T2 gmand 2002 which is i hic to th
spanned by 0", TLp0y®, ATy, and TEr0y%, which is isomorphic to the

matriz ring Mo(F). Thus the semi-Lie algebra WNoo,2,, na(] has a Lie subal-

s

gebra which is isomorphic to sly(F).

Proof. The proof of this Proposition is straightforward, and we hence omit the
details. -
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