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1 Introduction and preliminaries
The abstract characterization given for linear spaces of boundedHilbert space operators in
terms ofmatricially normed spaces [] implies that quotients, mapping spaces and various
tensor products of operator spaces may again be regarded as operator spaces. Owing in
part to this result, the theory of operator spaces is having an increasingly significant effect
on operator algebra theory (see []).
The proof given in [] appealed to the theory of ordered operator spaces []. Effros and

Ruan [] showed that one can give a purely metric proof of this important theorem by
using a technique of Pisier [] and Haagerup [] (as modified in []).
The stability problem of functional equations originated from a question of Ulam []

concerning the stability of group homomorphisms.
The functional equation

f (x + y) = f (x) + f (y)

is called the Cauchy additive functional equation. In particular, every solution of the
Cauchy additive functional equation is said to be an additive mapping. Hyers [] gave the
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ theorem
was generalized by Aoki [] for additive mappings and by Rassias [] for linear mappings
by considering an unbounded Cauchy difference. A generalization of the Rassias theorem
was obtained by Găvruta [] by replacing the unbounded Cauchy difference by a general
control function in the spirit of Rassias’ approach.
In , Rassias [] during the th International Symposium on Functional Equations

asked the question whether such a theorem can also be proved for p ≥ . In , Gajda
[] following the same approach as in Rassias [], gave an affirmative solution to this
question for p > . It was shown by Gajda [] as well as by Rassias and Šemrl [] that one
cannot prove a Rassias-type theoremwhen p =  (cf. the books of Czerwik [], Hyers, Isac
and Rassias []).
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In , J.M. Rassias [] followed the innovative approach of Th.M. Rassias’ theorem
[] in which he replaced the factor ‖x‖p + ‖y‖p by ‖x‖p · ‖y‖q for p,q ∈R with p + q �= .
The functional equation

f (x + y) + f (x – y) = f (x) + f (y)

is called a quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic mapping. A Hyers-Ulam stability problem for
the quadratic functional equation was proved by Skof [] for mappings f : X → Y , where
X is a normed space and Y is a Banach space. Cholewa [] noticed that the theorem
of Skof is still true if the relevant domain X is replaced by an Abelian group. Czerwik
[] proved the Hyers-Ulam stability of the quadratic functional equation. The stability
problems of several functional equations have been extensively investigated by a number
of authors and there are many interesting results concerning this problem (see [–]).
We will use the following notations:
Mn(X) is the set of all n× n-matrices in X;
ej ∈M,n(C) is that jth component is  and the other components are zero;
Eij ∈Mn(C) is that (i, j)-component is  and the other components are zero;
Eij ⊗ x ∈Mn(X) is that (i, j)-component is x and the other components are zero.
For x ∈ Mn(X), y ∈Mk(X),

x⊕ y =

(
x 
 y

)
.

Let (X,‖·‖) be a normed space.Note that (X, {‖·‖n}) is amatrix normed space if and only
if (Mn(X),‖ · ‖n) is a normed space for each positive integer n and ‖AxB‖k ≤ ‖A‖‖B‖‖x‖n
holds for A ∈ Mk,n(C), x = (xij) ∈ Mn(X) and B ∈ Mn,k(C), and that (X, {‖ · ‖n}) is a matrix
Banach space if and only if X is a Banach space and (X, {‖ · ‖n}) is a matrix normed space.
A matrix normed space (X, {‖ · ‖n}) is called an L∞-matrix normed space if ‖x⊕ y‖n+k =

max{‖x‖n,‖y‖k} holds for all x ∈Mn(X) and all y ∈Mk(X).
Let E, F be vector spaces. For a given mapping h : E → F and a given positive integer n,

define hn :Mn(E)→Mn(F) by

hn
(
[xij]

)
=

[
h(xij)

]
for all [xij] ∈Mn(E).
Throughout this paper, let (X, {‖ · ‖n}) be a matrix normed space and (Y , {‖ · ‖n}) be a

matrix Banach space.
In Section , we prove the Hyers-Ulam stability of the Cauchy additive functional equa-

tion in matrix normed spaces. In Section , we prove the Hyers-Ulam stability of the
quadratic functional equation in matrix normed spaces.

2 Hyers-Ulam stability of the Cauchy additive functional equation inmatrix
normed spaces

In this section, we prove the Hyers-Ulam stability of the Cauchy additive functional equa-
tion in matrix normed spaces.
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Lemma . [] Let (X, {‖ · ‖n}) be a matrix normed space. Then
() ‖Ekl ⊗ x‖n = ‖x‖ for x ∈ X .
() ‖xkl‖ ≤ ‖[xij]‖n ≤ ∑n

i,j= ‖xij‖ for [xij] ∈Mn(X).
() limn→∞ xn = x if and only if limn→∞ xnij = xij for xn = [xnij], x = [xij] ∈Mk(X).

Proof () Since Ekl ⊗x = e*kxel and ‖e*k‖ = ‖el‖ = , ‖Ekl ⊗x‖n ≤ ‖x‖. Since ek(Ekl ⊗x)e*l = x,
‖x‖ ≤ ‖Ekl ⊗ x‖n. So, ‖Ekl ⊗ x‖n = ‖x‖.
() Since ekxe*l = xkl and ‖ek‖ = ‖e*l‖ = , ‖xkl‖ ≤ ‖[xij]‖n.
Since [xij] =

∑n
i,j= Eij ⊗ xij,

∥∥[xij]∥∥n =

∥∥∥∥∥
n∑

i,j=

Eij ⊗ xij

∥∥∥∥∥
n

≤
n∑

i,j=

‖Eij ⊗ xij‖n =
n∑

i,j=

‖xij‖.

() By (), we have

‖xnkl – xkl‖ ≤ ∥∥[xnij – xij]
∥∥
n =

∥∥[xnij] – [xij]
∥∥
n ≤

n∑
i,j=

‖xnij – xij‖.

So, we get the result. �

For a mapping f : X → Y , define Df : X → Y and Dfn :Mn(X) →Mn(Y ) by

Df (a,b) = f (a + b) – f (a) – f (b),

Dfn
(
[xij], [yij]

)
:= fn

(
[xij + yij]

)
– fn

(
[xij]

)
– fn

(
[yij]

)
for all a,b ∈ X and all x = [xij], y = [yij] ∈Mn(X).

Theorem . Let f : X → Y be a mapping and let φ : X → [,∞) be a function such that

�(a,b) :=



∞∑
l=


l

φ
(
la, lb

)
< +∞, (.)

∥∥Dfn([xij], [yij])∥∥n ≤
n∑

i,j=

φ(xij, yij) (.)

for all a,b ∈ X and all x = [xij], y = [yij] ∈Mn(X). Then there exists a unique additive map-
ping A : X → Y such that

∥∥fn([xij]) –An
(
[xij]

)∥∥
n ≤

n∑
i,j=

�(xij,xij) (.)

for all x = [xij] ∈Mn(X).

Proof Let n =  in (.). Then (.) is equivalent to

∥∥f (a + b) – f (a) – f (b)
∥∥ ≤ φ(a,b)

http://www.journalofinequalitiesandapplications.com/content/2013/1/22
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for all a,b ∈ X. By the same reasoning as in [], there exists a unique additive mapping
A : X → Y such that

∥∥f (a) –A(a)
∥∥ ≤ �(a,a)

for all a ∈ X. The mapping A : X → Y is given by

A(a) = lim
l→∞


l
f
(
la

)

for all a ∈ X. By Lemma .,

∥∥fn([xij]) –An
(
[xij]

)∥∥
n ≤

n∑
i,j=

∥∥f (xij) –A(xij)
∥∥ ≤

n∑
i,j=

�(xij,xij)

for all x = [xij] ∈ Mn(X). Thus, A : X → Y is a unique additive mapping satisfying (.), as
desired. �

Corollary . Let r, θ be positive real numbers with r < . Let f : X → Y be a mapping
such that

∥∥Dfn([xij], [yij])∥∥n ≤
n∑

i,j=

θ
(‖xij‖r + ‖yij‖r

)
(.)

for all x = [xij], y = [yij] ∈ Mn(X). Then there exists a unique additive mapping A : X → Y
such that

∥∥fn([xij]) –An
(
[xij]

)∥∥
n ≤

n∑
i,j=

θ
 – r

‖xij‖r

for all x = [xij] ∈Mn(X).

Proof Letting φ(a,b) = θ (‖a‖r + ‖b‖r) in Theorem ., we obtain the result. �

Theorem . Let f : X → Y be a mapping and let φ : X → [,∞) be a function satisfying
(.) and

�(a,b) :=



∞∑
l=

lφ
(
a
l
,
b
l

)
< +∞ (.)

for all a,b ∈ X. Then there exists a unique additive mapping A : X → Y such that

∥∥fn([xij]) –An
(
[xij]

)∥∥
n ≤

n∑
i,j=

�(xij,xij)

for all x = [xij] ∈Mn(X).

Proof The proof is similar to the proof of Theorem .. �
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Corollary . Let r, θ be positive real numbers with r > . Let f : X → Y be a mapping
satisfying (.). Then there exists a unique additive mapping A : X → Y such that

∥∥fn([xij]) –An
(
[xij]

)∥∥
n ≤

n∑
i,j=

θ
r – 

‖xij‖r

for all x = [xij] ∈Mn(X).

Proof Letting φ(a,b) = θ (‖a‖r + ‖b‖r) in Theorem ., we obtain the result. �

We need the following result.

Lemma. [] If E is an L∞-matrix normed space, then ‖[xij]‖n ≤ ‖[‖xij‖]‖n for all [xij] ∈
Mn(E).

Theorem . Let Y be an L∞-normed Banach space. Let f : X → Y be a mapping and let
φ : X → [,∞) be a function satisfying (.) and

∥∥Dfn([xij], [yij])∥∥n ≤ ∥∥[
φ(xij, yij)

]∥∥
n (.)

for all x = [xij], y = [yij] ∈ Mn(X). Then there exists a unique additive mapping A : X → Y
such that

∥∥[
f (xij) –A(xij)

]∥∥
n ≤ ∥∥[

�(xij,xij)
]∥∥

n (.)

for all x = [xij] ∈Mn(X). Here � is given in Theorem ..

Proof By the same reasoning as in the proof of Theorem ., there exists a unique additive
mapping A : X → Y such that

∥∥f (a) –A(a)
∥∥ ≤ �(a,a)

for all a ∈ X. The mapping A : X → Y is given by

A(a) = lim
l→∞


l
f
(
la

)

for all a ∈ X.
It is easy to show that if  ≤ aij ≤ bij for all i, j, then

∥∥[aij]∥∥n ≤ ∥∥[bij]∥∥n. (.)

By Lemma . and (.),

∥∥[
f (xij) –A(xij)

]∥∥
n ≤ ∥∥[∥∥f (xij) –A(xij)

∥∥]∥∥
n ≤ ∥∥[

�(xij,xij)
]∥∥

n

for all x = [xij] ∈Mn(X). So, we obtain the inequality (.). �
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Corollary . Let Y be an L∞-normed Banach space. Let r, θ be positive real numbers
with r < . Let f : X → Y be a mapping such that

∥∥Dfn([xij], [yij])∥∥n ≤ ∥∥[
θ
(‖xij‖r + ‖yij‖r

)]∥∥
n (.)

for all x = [xij], y = [yij] ∈ Mn(X). Then there exists a unique additive mapping A : X → Y
such that

∥∥fn([xij]) –An
(
[xij]

)∥∥
n ≤

∥∥∥∥
[

θ
 – r

‖xij‖r
]∥∥∥∥

n

for all x = [xij] ∈Mn(X).

Proof Letting φ(a,b) = θ (‖a‖r + ‖b‖r) in Theorem ., we obtain the result. �

Theorem . Let Y be an L∞-normed Banach space. Let f : X → Y be a mapping and let
φ : X → [,∞) be a function satisfying (.) and (.). Then there exists a unique additive
mapping A : X → Y such that

∥∥[
f (xij) –A(xij)

]∥∥
n ≤ ∥∥[

�(xij,xij)
]∥∥

n

for all x = [xij] ∈Mn(X). Here � is given in Theorem ..

Proof The proof is similar to the proof of Theorem .. �

Corollary . Let Y be an L∞-normed Banach space. Let r, θ be positive real numbers
with r > . Let f : X → Y be a mapping satisfying (.). Then there exists a unique additive
mapping A : X → Y such that

∥∥fn([xij]) –An
(
[xij]

)∥∥
n ≤

∥∥∥∥
[

θ
r – 

‖xij‖r
]∥∥∥∥

n

for all x = [xij] ∈Mn(X).

Proof Letting φ(a,b) = θ (‖a‖r + ‖b‖r) in Theorem ., we obtain the result. �

3 Hyers-Ulam stability of the quadratic functional equation inmatrix normed
spaces

In this section, we prove the Hyers-Ulam stability of the quadratic functional equation in
matrix normed spaces.
For a mapping f : X → Y , define Df : X → Y and Dfn :Mn(X) →Mn(Y ) by

Df (a,b) = f (a + b) + f (a – b) – f (a) – f (b),

Dfn
(
[xij], [yij]

)
:= fn

(
[xij + yij]

)
+ fn

(
[xij – yij]

)
– fn

(
[xij]

)
– fn

(
[yij]

)

for all a,b ∈ X and all x = [xij], y = [yij] ∈Mn(X).

http://www.journalofinequalitiesandapplications.com/content/2013/1/22
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Theorem . Let f : X → Y be a mapping and let φ : X → [,∞) be a function such that

�(a,b) :=



∞∑
l=


l

φ
(
la, lb

)
< +∞, (.)

∥∥Dfn([xij], [yij])∥∥n ≤
n∑

i,j=

φ(xij, yij) (.)

for all a,b ∈ X and all x = [xij], y = [yij] ∈ Mn(X). Then there exists a unique quadratic
mapping Q : X → Y such that

∥∥fn([xij]) –Qn
(
[xij]

)∥∥
n ≤

n∑
i,j=

�(xij,xij) (.)

for all x = [xij] ∈Mn(X).

Proof Let n =  in (.). Then (.) is equivalent to

∥∥f (a + b) + f (a – b) – f (a) – f (b)
∥∥ ≤ φ(a,b)

for all a,b ∈ X. By the same reasoning as in [], there exists a unique quadratic mapping
Q : X → Y such that

∥∥f (a) –Q(a)
∥∥ ≤ �(a,a)

for all a ∈ X. The mapping Q : X → Y is given by

Q(a) = lim
l→∞


l
f
(
la

)

for all a ∈ X.
By Lemma .,

∥∥fn([xij]) –Qn
(
[xij]

)∥∥
n ≤

n∑
i,j=

∥∥f (xij) –Q(xij)
∥∥

≤
n∑

i,j=

�(xij,xij)

for all x = [xij] ∈ Mn(X). Thus, Q : X → Y is a unique quadratic mapping satisfying (.),
as desired. �

Corollary . Let r, θ be positive real numbers with r < . Let f : X → Y be a mapping
such that

∥∥Dfn([xij], [yij])∥∥n ≤
n∑

i,j=

θ
(‖xij‖r + ‖yij‖r

)
(.)

http://www.journalofinequalitiesandapplications.com/content/2013/1/22
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for all x = [xij], y = [yij] ∈ Mn(X). Then there exists a unique quadratic mapping Q : X → Y
such that

∥∥fn([xij]) –Qn
(
[xij]

)∥∥
n ≤

n∑
i,j=

θ
 – r

‖xij‖r

for all x = [xij] ∈Mn(X).

Proof Letting φ(a,b) = θ (‖a‖r + ‖b‖r) in Theorem ., we obtain the result. �

Theorem . Let f : X → Y be a mapping and let φ : X → [,∞) be a function satisfying
(.) and

�(a,b) :=



∞∑
l=

lφ
(
a
l
,
b
l

)
< +∞ (.)

for all a,b ∈ X. Then there exists a unique quadratic mapping Q : X → Y such that

∥∥fn([xij]) –Qn
(
[xij]

)∥∥
n ≤

n∑
i,j=

�(xij,xij)

for all x = [xij] ∈Mn(X).

Proof The proof is similar to the proof of Theorem .. �

Corollary . Let r, θ be positive real numbers with r > . Let f : X → Y be a mapping
satisfying (.). Then there exists a unique quadratic mapping Q : X → Y such that

∥∥fn([xij]) –Qn
(
[xij]

)∥∥
n ≤

n∑
i,j=

θ
r – 

‖xij‖r

for all x = [xij] ∈Mn(X).

Proof Letting φ(a,b) = θ (‖a‖r + ‖b‖r) in Theorem ., we obtain the result. �

From now on, assume that Y is an L∞-normed Banach space.

Theorem . Let f : X → Y be a mapping and let φ : X → [,∞) be a function satisfying
(.) and

∥∥Dfn([xij], [yij])∥∥n ≤ ∥∥[
φ(xij, yij)

]∥∥
n (.)

for all x = [xij], y = [yij] ∈ Mn(X). Then there exists a unique quadratic mapping Q : X → Y
such that

∥∥[
f (xij) –Q(xij)

]∥∥
n ≤ ∥∥[

�(xij,xij)
]∥∥

n (.)

for all x = [xij] ∈Mn(X). Here � is given in Theorem ..

http://www.journalofinequalitiesandapplications.com/content/2013/1/22
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Proof By the same reasoning as in the proof of Theorem ., there exists a unique
quadratic mapping Q : X → Y such that

∥∥f (a) –Q(a)
∥∥ ≤ �(a,a)

for all a ∈ X. The mapping Q : X → Y is given by

Q(a) = lim
l→∞


l
f
(
la

)

for all a ∈ X. By Lemma . and (.),

∥∥[
f (xij) –Q(xij)

]∥∥
n ≤ ∥∥[∥∥f (xij) –Q(xij)

∥∥]∥∥
n ≤ ∥∥[

�(xij,xij)
]∥∥

n

for all x = [xij] ∈Mn(X). So, we obtain the inequality (.). �

Corollary . Let r, θ be positive real numbers with r < . Let f : X → Y be a mapping
such that

∥∥Dfn([xij], [yij])∥∥n ≤ ∥∥[
θ
(‖xij‖r + ‖yij‖r

)]∥∥
n (.)

for all x = [xij], y = [yij] ∈ Mn(X). Then there exists a unique quadratic mapping Q : X → Y
such that

∥∥fn([xij]) –Qn
(
[xij]

)∥∥
n ≤

∥∥∥∥
[

θ
 – r

‖xij‖r
]∥∥∥∥

n

for all x = [xij] ∈Mn(X).

Proof Letting φ(a,b) = θ (‖a‖r + ‖b‖r) in Theorem ., we obtain the result. �

Theorem . Let f : X → Y be a mapping and let φ : X → [,∞) be a function satisfying
(.) and (.). Then there exists a unique quadratic mapping Q : X → Y such that

∥∥[
f (xij) –Q(xij)

]∥∥
n ≤ ∥∥[

�(xij,xij)
]∥∥

n

for all x = [xij] ∈Mn(X). Here � is given in Theorem ..

Proof The proof is similar to the proof of Theorem .. �

Corollary . Let r, θ be positive real numbers with r > . Let f : X → Y be a mapping
satisfying (.). Then there exists a unique quadratic mapping Q : X → Y such that

∥∥fn([xij]) –Qn
(
[xij]

)∥∥
n ≤

∥∥∥∥
[

θ
r – 

‖xij‖r
]∥∥∥∥

n

for all x = [xij] ∈Mn(X).

Proof Letting φ(a,b) = θ (‖a‖r + ‖b‖r) in Theorem ., we obtain the result. �
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