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Abstract
The transfer-matrix method and finite-integration simulations show how the transmission
properties of combined metamaterials, which consist of metallic cut-wire pairs and continuous
wires, are affected by geometric parameters. The corresponding effective permittivity and
permeability are retrieved from the complex scattering parameters using the standard retrieval
procedure. The electromagnetic properties of the cut-wire pair as well as the left-handed
behavior of the combined structure are understood by the effective medium theory. In addition,
the dimensional dependence of transmission properties, the shapes of cut-wire pairs and
continuous wire, and the impact of dielectric spacer are both examined. Finally, by expanding
the results of previous research (Koschny et al 2003 Phys. Rev. Lett. 93 016608), we
generalize the transmission picture of combined structures in terms of the correlation between
electric and magnetic responses.
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1. Introduction

The terminology ‘left-handed materials (LHMs)’ to classify
materials, which exhibit a negative index of refraction with
simultaneously negative permittivity and permeability, was
proposed more than four decades ago by Veselago [1].
Afterwards, the first practical realization of LHM was shown
in Smith’s experiments [2], based on Pendry’s suggestion
[3, 4]. There, the negative refractive index is composed of
a periodic array of split-ring resonators (SRRs), providing
a magnetically negative permeability and continuous wires
with a negative permittivity below the plasma frequency.
This combination has been used widely to study and
fabricate LHMs [5–7]. Recently, a progressive design called
cut-wire pair (CWP), which is a continued transformation
of the symmetric SRR, has received considerable interest

due to its advanced properties [8, 9], especially for
optical implementations [10, 11]. The combined structure
of CWPs and continuous wires are now recognized as an
advanced structure for left-handed (LH) behavior at high
frequencies. Their great potential has been confirmed in
recent research where the negative refraction is presented in
a three-dimensional optical metamaterial [12].

There is a series of computational work [13–16] where
the important transmission and reflection properties of
CWP/SRR-based LHMs have been investigated for both
microwave and optical frequencies. It was proven that
characteristic understanding as well as parameter optimization
are important issues in studying LHMs. Moreover, it has
been revealed that the combination of CWPs/SRRs with
continuous wires does not always guarantee the LH behavior.
In fact, the electric response of the combined structure results
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from both continuous wires and CWPs/SRRs rather than from
only continuous wires, since the CWPs/SRRs also exhibit
the electric resonance in addition to the original magnetic
one [8, 17]. The electric response of CWPs was clarified by
closing the air gap to eliminate the magnetic response. Then
the electromagnetic behavior of closed CWPs is identical to
that of CWs. This also explains why the plasma frequency
of combined structures is always lower than that of the
continuous wires only [18]. This important consideration,
called the effective medium theory, has been widely applied
in experimental realizations of LH behavior [11, 19].

In this paper, we report on a comprehensive study of the
electric and the magnetic properties of CWP and CWP-based
combined metamaterials. The transmission and the reflection
of CWPs and combined structures are calculated by utilizing
the transfer matrix method [20] and the finite-integration
simulation [21]. The effective parameters are also extracted
from transmission, reflection and phase by performing the
standard retrieved method proposed by Chen et al [22]. The
advantage is that the correct branch of effective refractive
index is correctly determined without classical ambiguity.
The electromagnetic behavior of an LH medium, hence,
is quantitatively characterized by the retrieval effective
parameters.

This paper is organized as follows. In section 2, we
discuss the characteristics of CWP structures and how
the geometric parameters affect the electric and magnetic
responses. The LH behavior of the combined structure,
CWPs and continuous wires, is realized by employing the
effective medium theory and the retrieval method in section 3.
Interestingly, in section 4, the negativity of refractive index
is obtained not only when both permittivity and permeability
are negative but also when only permittivity is negative. The
impact of the dielectric spacer on the LH transmission as
well as the dependence on the sizes of the combined structure
are investigated in sections 5 and 6, respectively. Finally, we
discuss the key role of the correlation between electric and
magnetic components in constructing a better LH behavior or
in making it disappear.

2. Characteristics of CWP structure

2.1. Electric and magnetic resonances of CWP structure

Figure 1 presents a CWP structure prepared by the continuous
transformation of a two-gap symmetric SRR. As can be seen,
the design of the CWP, besides its simplicity, has distinct
advantages over conventional SRRs. The incident wave is
normal to the plane of the CWP structure, which enables us
to construct an LHM by only one layer of sample with strong
responses [23]. So far, there is a common understanding that
the SRR structure exhibits not only the magnetic resonance
frequency ( fm) but also the electric one ( fe). So does the CWP
structure. The magnetic resonance of CWPs comes from the
circular currents driven by the capacitance between cut wires
while the electric resonance is a result of the symmetric mode
with parallel currents [8].

Here we discuss the electromagnetic response of the
CWP structure differently from three well-known methods.
To begin, we apply the effective medium analysis, which

Figure 1. (a) A two-gap symmetric SRR can be transformed into a
pair of parallel metallic cut wires separated by a dielectric spacer.
(b) A CWP structure consists of two metallic cut wires located on
both sides of a dielectric board. The width and the length of the cut
wire are w and l, respectively. The thickness of the dielectric spacer
is denoted by ts.

is presented in figure 2(a). Evidently, one can observe two
resonant bands of the CWP: the first around 13.8 GHz and
the second around 30 GHz. To determine whether they are
electrically or magnetically originated, we close at the ends
of CWP to eliminate the effective capacitance, and thus the
driven force in the circular currents is removed. As expected,
the first resonance disappears in the transmission spectrum
of the shorted-CWP structure. This clearly indicates that the
13.8 GHz resonance is magnetically originated and the other
around 30.0 GHz is the electric resonance.

We independently examine the aforementioned argument
by performing the standard retrieval procedure. The effective
permeability of CWP and shorted-CWP structures was
calculated and presented in figure 2(b). In the case of the CWP
structure, a negative permeability band is shown at 13.8 GHz,
which confirms that the associated resonance is the response
to the external magnetic field while the negative-permeability
regime is totally removed for the shorted-CWP structure.

Considering the electromagnetic behavior with respect
to the orientation and the incident field, we are also able
to identify the electric and magnetic resonances of the
CWP structure. Note that the magnetic resonance is actually
generated by circular currents generated by an in-plane
external magnetic field. Hence, the magnetic resonance should
be destroyed by a normal-to-plane magnetic field. For this
purpose, we study different relative orientations, i.e. the H
field or k normal to the CWP plane by keeping E along the
CWP. The transmission spectra of these configurations are
presented in figure 2(c). As discussed, there are two resonance
dips at 13.8 and 30.0 GHz, corresponding to the magnetic
and electric responses, respectively, in case k is normal to
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Figure 2. (a) Transmission and (b) permeability spectra of CWP and shorted CWP structures according to frequency. (c) Transmission
spectra of the CWP structure for two relative orientations of incident electromagnetic waves. Only one layer along the k-direction is
considered in (a), (b) and (c). (d) Transmission spectra of the CWP structure according to layer number. The length and width of the cut
wire are 5.5 and 1.0 mm, respectively. The CWP is assumed to be made of copper with a conductivity of 5.9 × 107 S−1. The thickness of the
dielectric spacer is 0.4 mm. The CWP is embedded in air with periodicities of 2.0, 7.5 and 3.5 mm along the k, the E and the H directions,
respectively.

the CWP plane. However, the magnetic resonance disappears
when H is normal to the plane of the CWP. The reason is
that for H normal to the CWP plane, there is no magnetically
induced circular current between the two CWs, and hence no
magnetic resonance is observed. The second resonance, which
is the electric response, is nearly unchanged in both cases.

In figure 2(d), we present the difference in the
transmission spectra of the CWP structure according to the
number of layers. The periodicity along the k-direction is
fixed at 2.0 mm. Clearly, the magnetic resonance band is
strengthened and broadened by increasing the layer number.

2.2. Width and length of cut wire in tuning the
electromagnetic resonances

The role of the total electric plasma frequency, fp, in forming
the LH behavior has been studied elsewhere [24], in which
fp can be taken as the sum of the electric responses from
CWPs and continuous wires. It was found that the LH
behavior is best achieved only if fm is lower than fp. Without
change in the continuous wires, the tuning of fm and fe,
therefore, is meaningful in controlling the LH behavior of
the combined structure. In another study, it was shown that a

simple equivalent LC circuit can be used to express partly the
electromagnetic behavior of the CWP design [8]. To further
explore this issue, we examine the dependence of fm and fe

on the relative sizes of the cut wires, as shown in figure 3. The
CWP medium is assumed to be constructed by the periodic
arrays of CWP unit cells in figure 1(b). The corresponding
lattice constants along H, E and k are ax = 3.5, ay = 7.5 and
az = 3.0 mm, respectively. Only the case of k normal to the
plane is considered. fm and fe are plotted as a function of
ax/w in figure 3(a) and ay/ l in figure 3(b). It can be seen that,
with increasing width of the cut-wire, both fm and fe change,
however, in different ways. While fm shifts slightly to higher
frequencies, fe is drastically shifted downward. When fe is
close to fm by a certain value, fp can be lower than fm. At that
time, the LH properties are destroyed. This point is discussed
in more detail in section 3. Note that the dependence of fe on
ax/w is more significant than fm. Therefore, one might think
that the relative factor of ax/w is useful for handling fe; in
other words, fp with minor effect on fm.

Figure 3(b) shows the linear dependences of fm and fe

on ay/ l, which well supports the LC model proposed by Zhou
et al [8]. Both fm and fe seem to be sensitive to the length l
of the CWP. Importantly, a shorter l provides a significantly
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Figure 3. (a) fm and fe according to ax/w, where ax is the lattice constant in the H-direction, and w is the width of CWs. (b) fm and fe

according to ay/ l, where ay is the lattice constant in the E-direction and l is the length of the CWs. k is perpendicular to the structure plane.
Only one layer along the k-direction is considered. Other parameters are defined in figure 2.

higher fm, which is the key in pushing the LH behavior to the
optical range.

3. LH behavior of a combined structure

We have already discussed several geometric parameters,
which show important effects on fm and fe of the CWP
structure. By adding continuous wires, the magnetically
negative permeability is combined with a negative
permittivity, and results in the LH behavior of the combined
structure [25]. However, both theoretical and experimental
studies of combined structures, or even possible future
structures, need clear guidance in adjusting the design and
optimizing the parameters. Thus, the aim of this study is
to provide a systematic understanding of the parametric
properties of the LH behavior in a combined structure (see
figure 4).

Here, we demonstrate the nature of double-negative
permittivity and permeability, as well as the negative
refractive index in combined structures. In detail, we
independently consider the magnetic and electric responses of
combined structures using the effective medium analysis, to
understand whether the LH transmission can be determined
by doubly negative permittivity and permeability or not.
Furthermore, the standard retrieval procedure is applied to
calculate the refractive index, which should be negative for
the LH behavior.

As mentioned previously, under an incident
electromagnetic wave, the CWP structure exhibits a magnetic
resonance, which turns out a negative permeability band.
On the other hand, a periodic array of continuous wires
is known to produce a wide range of negative permittivity
below the plasma frequency. Thus by combining CWPs and
continuous wires in a structure, one can observe the LH
behavior, which is supposed to be achieved by simultaneously
negative permittivity and permeability. Figure 5(a) presents
a comparison of calculated transmission spectra for CWPs
only, continuous wires only and a combined structure with
g = w = 1.0 mm, l = 5.5 mm, d = 4.0 mm, tc = 0.036 mm
and ts = 0.4 mm. The structures are embedded in air with
periodicities of 3.0, 7.5 and 6.0 mm along the k, E and H

Figure 4. Geometry of the unit cell of the combined structure is
viewed from the E–H, E–k and k–H planes. ax , ay and az are the
sizes of unit cell in the x-, y- and z-axis, respectively. The distance
between the centers of continuous wires is denoted to be d while the
widths of the continuous wires and CWPs are g and w, respectively.
ts is the thickness of dielectric layer and that of the metal pattern
is tc.

directions, respectively. As can be seen, the continuous-wire
structure is completely opaque from 12 to 18 GHz. This
shows that the continuous wires exhibit a plasma behavior
(negative permittivity) under the cut-off frequency, which
is somewhat higher than the 18 GHz. The CWP structure
displays a stop band around 13.8 GHz corresponding to
the magnetic resonance frequency where the permeability
is negative. Meanwhile, the combined structure exhibits a
pass band, which exactly coincides with the stop band of
the CWP structure. This means that both permittivity and
permeability in this pass band of the combined structure are
negative. Based on these results, it is confirmed that the pass
band around 13.8 GHz in the transmission spectrum of the
combined structure is clear evidence of the appearance of the
LH behavior.

4



Adv. Nat. Sci.: Nanosci. Nanotechnol. 2 (2011) 033001 T T Nguyen et al

12 14 16 18
-20

-15

-10

-5

0

T
ra

ns
m

is
si

on
 (

dB
)

Frequency (GHz)

 Continuous wires
 Cut-wire pair
 Combined structure

(a)

12 14 16 18
-20

-15

-10

-5

0

T
ra

ns
m

is
si

on
 (

dB
)

Frequency (GHz)

 Combined structure
 Shorted version(b)

Figure 5. (a) Transmission spectra of CWPs, continuous wires and combined structures. (b) Those of the combined structure and its
shorted version.

-8

-6

-4

-2

0

-1

0

1

2

13 14 15

-2

-1

0

1

2

3

12.5 13.0 13.5 14.0 14.5 15.0 15.5
-8

-6

-4

-2

0

2

Frequency (GHz)

ε' < 0
μ' > 0
n' < 0

ε'
μ'
 n'

Frequency (GHz)

ε' < 0
μ' < 0
n' < 0

(d)

(b)

(c)

ε

 Real part
 Imagine part

(a)

μ

ε',
 μ

', 
n'

n

Figure 6. Calculated values of (a) ε, (b) µ and (c) n of the combined structure, defined in section 3. (d) Real parts of ε, µ and n.

In this part, we examine whether the pass band around
13.8 GHz in the combined structure results from the LH
behavior or not. For this purpose, the effective medium
analysis is used. The shorted combined structure, in which
the CWPs are connected through the dielectric spacer at the
ends of each CW, behaves as a combination of continuous
and discontinuous wires. The structure is composed of a
metallic pattern placed on a dielectric substrate. Both of
them are nonmagnetic. Hence, it is expected that there is no
magnetically negative permeability for the shorted structure,
exhibiting a totally plasmonic behavior instead of the LH
one. In figure 5(b), the transmission spectra for one layer of
the combined structure and its shorted version are plotted.
Clearly, the pass band around 13.8 GHz of the combined
structure disappears in the case of the shorted version.
These data imply the existence of an LH pass band based
on doubly negative permittivity and permeability around
13.8 GHz. In addition, from the transmission spectrum of
the shorted combined structure, the total plasma frequency
of the combined structure can be qualitatively determined
around 15 GHz. The second pass band at 15.5 GHz is, hence,
due to right-handed behavior and still remains in the shorted
version.

4. Single- and double-negative refractive index in
the combined structure

Another important issue we should discuss here is the single
negative refractive index of the combined structure. For
this purpose, the results reported in [9] are reiterated. The
complex effective µ and ε were extracted from the scattering
parameters (see figures 6(a) and (b)). As shown in figure 6(d),
µ and ε are simultaneously negative for frequencies higher
than 13.6 GHz. Interestingly, considering the real parts only,
we obtain a region of double-negative n by combining
the negative µ and ε at once. However, it can be seen that the
negative n region is significantly wider than the bandwidth of
negative µ. For frequencies less than 13.6 GHz, µ is positive
while ε is negative, but, strangely enough, n is still negative, in
other words, a single-negative n. This is a peculiar feature of
combined metamaterial structures, which was not completely
understood previously [26–28].

Actually, in metamaterials it is possible to achieve a
negative n without having simultaneously negative µ and ε

if we consider both real and imaginary parts of the effective
parameters. By representing the complex refractive index
n = n′ + in′′, in terms of complex permittivity ε = ε′ + iε′′ and
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permeabilityµ = µ′ + iµ′′, we have

n =
√

µε =

√
(µ′ + iµ′′) + (ε′ + iε′′), (1)

= eiφ/2 4
√

(µ′ε′−ε′′µ′′) + (µ′ε′ + ε′′µ′′), (2)

where

φ = cos−1

[
µ′ε′

−µ′′ε′′√
(µ′ε′−µ′′ε′′)2 + (µ′ε′−µ′′ε′′)2

]
·

To achieve a negative n, cos(φ/2) needs to be negative,
in other words µ′ε′′ + µ′′ε′ < 0 [29–31]. Therefore, if the
condition of µ′ε′′ < −µ′′ε′ is met, n can be negative without
requiring both ε′ and µ′ to be negative and it is correct
in our case. For a combined structure, the negative n can
be realized in two regions as follows: single-negative and
double-negative regions, as shown in figure 6(d). In the
double-negative region, ε′ < 0 and µ′ < 0, while ε′′ < 0 and
µ′′ < 0. Nevertheless, the absolute value of ε′ is much larger
than that of ε′′ in our case, and hence it naturally provides
n < 0. In the single-negative region below 13.6 GHz, ε′ < 0
and while still ε′′ < 0 and µ′′ > 0. In this case, simply n < 0
because µ′ε′′ < −µ′′ε′. Calculations of exp(µ′ε′′ + µ′′ε′)

versus frequencies show that the condition of µ′ε′′ + µ′′ε′ < 0
is always satisfied in a range of 12.5–15.5 GHz (see figure 7).
However, in the single-negative region, even though a negative
n can be achieved, the high values of ε and µ′′ lead to a
considerable loss, in which the negative–refractive behavior
is not applicable.

5. Influence of dielectric-spacer thickness

The negative permeability in the combined structure results
from the circular current between paired CWs. In order
to see how the coupling between paired CWs affects the
LH behavior, we studied the evolution of transmission
and effective parameters according to the thickness of the
dielectric spacer [32]. Figure 8 presents the magnetic and
electric responses of combined structures according to ts. For
this study, ts is varied from 0.2 to 1.0 mm while the other

parameters are similar to those in section 3. It can be seen that,
with increasing ts, the magnetic resonance of the combined
structure slightly shifts to a higher frequency. Moreover, the
negative-permeability range becomes wider as ts is increased
(figure 8(a)). Using the equivalent resonant LC circuit of
the CWP structure [33], it is understood that the increased
spacer thickness results in a decreased mutual capacitance,
which in turn gives rise to a higher resonance frequency. This
conclusion can also be predicted analytically in a cavity model
for the coupled metallic elements [34].

Interestingly, ts affects not only the magnetic response
but also the electric one. Figure 8(b) shows that the plasma
frequency fp is noticeably shifted downward with thicker
ts. It is known that the plasma frequency of the combined
structure is considered as a sum of the electric response
of continuous wires and that of CWPs. The larger spacing
leads to a weaker coupling between paired CWs, and thus
the electric resonance of CWPs as well as fp moves down
to a lower frequency. This can be well explained by the
electromagnetic analogue of molecular orbital theory through
a plasmon hybridization scheme [35]. As mentioned before,
the relative position between magnetic resonance and plasma
frequency play a key role in constructing the LH behavior.
No LH transmission is observed unless fp is higher than the
magnetic-resonant band.

We further examine this argument by calculating the
transmission and refractive index of the combined structure
according to ts. Figures 9(a) and (b) indicate the evolution of
transmission and refractive index by changing ts. As expected,
the negative n does not exist in the case of tp being lower than
the magnetic-resonant band (with 0.8 mm). In addition, a dip
in the transmission of the combined structure at the position
of the magnetic resonance is due to the single-negative
permeability. As discussed above, we also observe another
higher-frequency bandgap in the transmission broadened to
the lower side, which corresponds to the electric resonance of
CWPs.

6. Influence of periodicities

The importance of lattice constants in the magnetic and the
electric resonances of the CWP structure has been reported
elsewhere [36]. In this section, we investigate the influence of
periodicities on the LH behavior of the combined structure.
For our study, the unit cell sizes are varied from 6.0 to
7.0 mm and from 6.0 to 7.5 mm in the H- and the E-direction,
respectively. The other parameters are taken from section 3.
The corresponding transmission spectra of the combined
structure are presented in figure 10. In figure 10(a), it can
be seen that the LH behavior of the combined structure is
insensitive to ax . The LH transmission at 13.8 GHz and the
right-handed band around 15.5 GHz are nearly unchanged
with varying ax . However, tuning ay affects significantly the
electromagnetic response of the combined structure. With
narrower ay , the right-handed band strongly shifts to the
LH one, and entirely overlaps at ay = 6.3 mm (figure 10(b)).
In case of ay smaller than 6.3 mm, the LH transmission is
replaced by a dip, which is covered by the right-handed
band. This is similar to the case of increasing ts. A detailed
study was presented in [37–39]. At a certain small value of
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Figure 8. (a) Permeability and (b) permittivity of the combined structure according to ts.

12 13 14 15 16 17
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

t
s

Frequency (GHz)

0.1000

0.5500

1.000

(a)
12 13 14 15 16 17

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

t
s

Frequency (GHz)

-2.500

0

2.500

(b)

Figure 9. (a) Transmission and (b) refractive index of the combined structure according to ts.
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Figure 10. Transmission spectra of the combined structure according to (a) ax and (b) ay .

ay , the electric resonance is very sensitive to the distance
between adjacent CWs in the E-direction [8]. The extracted
permittivity and permeability (not shown here) also confirm
this explanation.

7. Electric–magnetic correlation in the combined
structure

The correlation between plasma frequency and magnetic
resonance band (from fm to fm′ ) in constructing the LH
transmission of combined metamaterials is schematically
presented in figure 11. By considering the influences of

geometrical parameters on the electromagnetic response of
the combined structure, one can generalize the transmission
properties in terms of three possibilities. Initially, the LH
behavior was analytically predicted by the effective medium
theory [18] for the case of fm < fm′< f p (see the first in
figure 11). However, as we realize in this study, changing ts or
ay might bring about two other possibilities, where fm< f p <

fm′ and fp < fm < fm′ . Evidently, for the existence of LH
behavior, fm < fm′< f p is not always required. It is shown
that the LH transmission is still observable even with
fm< f p < fm (the second in figure 11). For this case, the
negative-permeability band is considered in two parts: the
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Figure 11. Transmission spectra of the combined structure
according to the electric-magnetic correlation.

doubly negative permeability and permittivity from the low
edge of magnetic resonance to the plasma frequency is
supposed to be the LH behavior, while the remaining part with
only negative permeability is not. This possibility provides
a narrow LH transmission that might not be useful for the
applications. This scheme also gives us an explanation for
a pass band close to the magnetic resonance in the case
of fp< f m < fm′ . Since the fp is entirely lower than the
magnetic-resonant band, the permittivity and permeability
cannot simultaneously be negative. One can see a dip at the
magnetic resonance and a pass band on its left side, which is
due to the double-positive behavior.

8. Conclusions

Computational results were systematically presented to
characterize the electromagnetic behavior of CWP and
combined metamaterial structures. The electric and magnetic
properties of the CWP structure were studied, based on
the effective medium theory, the retrieval procedure and the
response to the relative orientation of the incident wave. The
strong dependence of magnetic and electric resonances of
CWPs on their geometric parameters, i.e. the width and the
length, were investigated. Importantly, the characteristics of
LH behavior of the CWP-based combined structure were
studied in detail. The impact of the dielectric spacer on
the electromagnetic response of the combined structure was
clarified. It was found that the electric response of the
combined structure is significantly affected by changing the
thickness of the spacer. Moreover, we also examined
the influence of periodicities on the LH transmission of
the combined structure. It was demonstrated that the LH
behavior is remarkably influenced by ay while not by ax .
Finally, we propose a scheme of transmission to generalize
the transmission properties as well as the LH behavior
of the combined structure, based on the electric–magnetic
correlation. It was shown that the LH behavior is predicted

to be better, degraded or even destroyed by considering
the overall electric–magnetic condition. Our results would
be useful for a theoretical understanding and fabrication of
combined metamaterials as well as an investigation of the
feasibility of various applications.
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