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We study the gauge invariance of physical observables in holographic theories under the local
diffeomorphism. We find that gauge invariance is intimately related to the holographic renormalization:
the local counter terms defined in the boundary cancel most of gauge dependences of the on-shell action
as well as the divergences. There is a mismatch in the degrees of freedom between the bulk theory and
the boundary one. We resolve this problem by noticing that there is a residual gauge symmetry (RGS). By

extending the RGS such that it satisfies infalling boundary condition at the horizon, we can understand
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the problem in the context of general holographic embedding of a global symmetry at the boundary into
the local gauge symmetry in the bulk.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
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1. Introduction

According to AdS/CFT correspondence, any global symmetry at
the boundary theory is lifted to a local symmetry in the bulk [1,2].
The gauge symmetry is essential to reduce the degree of freedom
which is enlarged by going into one higher dimension. The physical
goal in holography is the boundary quantities which do not know
the presence of higher dimension or gauge degrees of freedom,
while we use the tools in the bulk theory. Therefore the gauge
invariance of a physical quantity is a critical issue for the validity of
the AdS/CFT. Also tracing the gauge invariance gives much intuition
on the way how holography actually works, especially how global
symmetry is encoded in the local gauge symmetry.

One can find gauge invariant combinations of the fields, and
express the physical quantities in terms of such master variables,
however, it is not always easy to find such gauge invariant combi-
nation. Even in the case they are available, it is not very convenient
to use such fields, especially if many fields are coupled, because
the physical quantities are defined in terms of the field variables
which are formally gauge dependent. For example [2], energy mo-
mentum tensor and chemical potential are defined in terms of
metric/gauge field which is not gauge invariant. Similarly, heat cur-
rents can be related to the metric perturbation defined only in a
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specific gauge where time period has definite relation with tem-
perature.

In recent works [3,4], based on [5,6], we developed a system-
atic method to numerically calculate the Green’s functions and all
AC transports quantities simultaneously for the case where many
fields are coupled and there are constraints due to gauge sym-
metry. Although we have tested the validity of the procedure by
showing the agreement of zero frequency limits of AC conductivi-
ties with the known analytic DC conductivities [7-9] we still think
that we need to prove the gauge invariance of our procedure as a
matter of principle. We found that the bulk gauge invariance is in-
timately related to the holographic renormalization. Although the
local counter terms were introduced to kill the divergences, they
also kill most of gauge dependence.

Furthermore, there is a residual gauge symmetry (RGS) even af-
ter we fix the axial gauge g.x = 0. While equations of motion can
be written in terms of the gauge invariant master fields Py, Py
(3.8), it turns out that the quadratic on-shell action, the generating
function for two point retarded Green’s functions, cannot be writ-
ten as such. However, we prove that the Green'’s functions are still
invariant under such a symmetry.

There is a mismatch in the degrees of freedom in the bulk and
those at the boundary: there are only two independent bulk solu-
tions satisfying the in-falling boundary conditions while we need
three solutions at the boundary since there are three independent
source fields. The RGS is the one that resolves the problem: since it
cannot satisfy a proper boundary condition, it is not a proper gauge
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symmetry but a ‘solution generating symmetry’. It generate the de-
sired solution at the boundary and therefore we should accept its
bulk counter part as a new physical degree of freedom as well al-
though it cannot satisfy the infalling boundary condition (BC). By
extending the RGS such that it satisfies infalling boundary condi-
tion at the horizon, we can make the bulk solution more natural in
the sense that it satisfies the infalling BC. With such solution we
can also understand the problem in the context of general struc-
ture of holography, namely the correspondence between a global
symmetry at the boundary and the local gauge symmetry in the
bulk.

2. Action and background solution
Let us first briefly review the system we will discuss, which has

been analysed in detail in [3,7,10]. The holographically renormal-
ized action (Srepn) is given by

Sren=SEM+51//+SC» (2-1)
where
1
SEM :/‘d“xﬂ/_—g [R —2A— ZFZ] -2 / dcx/—yK, (2.2)
M oM

is the usual action for charged black hole in AdS space (A < 0)
with the Gibbons-Hawking term and

1 2
Sy = / d*x/~g [—5 Z(awnz} : (2.3)
M 1=1

is the action for two free massless scalars added for a momentum
relaxation effect. S; is the counter term

2
1
Se=11c / /=y (—4 SEEDY V“”%Wﬁu%) . (24)
M I=1
which is included to cancel the divergence in Sgm + Sy . Here we
introduced 7. to keep track of the effect of the counter term. At
the end of the computation we will set n. = 1.
The action (2.1) yields general equations of motion'

2
1 1 1
Run = = R—2A——F2——§ v)?
MN ngN< > (¢1)>

4
=1
+]Za waw+1F PF (2.5)
2 1 MYIINYI+ 5 Fm Ep .
VuFYN =0, VZy;=0, (2.6)
which admit the following solutions
2 M 4N , , dr? 2 i1
ds® = Gyndx"dx" = —f(r)dt +m+r Sijdx'dx’ (2.7)
2 2 .2
2 B Mo U™ Ty
N=r"——— —+4+——
Fo 2 r + 4 r2’°
2 2
3 1% B
mo=ry |1+ ———-——1], 2.8
0 O( 4ar? 2r§) (28)
r
Azu(l—?())dt, (2.9)
Y1 = Brix' = orx’. (2.10)
T Index convention: M,N,---=0,1,2,r,and u,v,---=0,1,2,and i, j,---=1,2.

These are reduced to AdS-Reissner-Nordstrom (AdS-RN) black
brane solutions when 8 = 0. Here we have taken special 8;;, which
satisfies % Zle /§1 -B; = B2 for general cases.

The solutions (2.7)-(2.10) are characterized by three parame-
ters: ro, U, and B. ro is the black brane horizon position (f (rg) =0)
and can be replaced by temperature T for the dual field theory:

flro) _ 1 <3r0_u2+252>.

4 47 4rg

(2.11)

Non-vanishing components of energy-momentum tensor and
charge density read
(T =2mg, (T™)=(T")=mg,

(JY = uro. (2.12)

(T*™) = 2(T*) implies that charge carriers are still of massless
character. From here we set ro =1 not to clutter.

3. Gauge fixing and residual gauge transformation

To study electric, thermoelectric, and thermal conductivities we
introduce small fluctuations around the background (2.7)-(2.10)

o0

do
SAL(t.T) = / %e_""tax(a), . 31)
—00
o0

d .
Sgu(t, 1) = / ﬁe"“”rzhm(w, r, (3.2)
—00
o0

3grx(t,T) = / 4 it 2 w1, (3.3)
21
—0o0
o
syn(t.n) = / 99 ity (@, 1) (34)
21
—00
The fluctuations are chosen to be independent of x and y. This
is allowed since all the background fields appearing in the equa-
tions of motion turn out to be independent of x and y. The gauge
field fluctuation (§Ax(t, r)) sources metric (8gx(t, 1), 8grx(t, 7)) and
scalar field (8v1(t,r)) fluctuation and vice versa and all the other
fluctuations are decoupled. We will work in momentum space and
hex(w,r) and hyx(w,r) is defined so that it goes to constant as r
goes to infinity.
By linearizing the full equation of motion, we get four equa-
tions. However one of them can be obtained by the others. Thus
we may consider following three equations:

, ipnway  ir*w(hly, +iohy)

— Bhyy) — - =0, 35
=P = G p ey BI(D) G2
, ady(nf'r)  w?axr)  w(hiy+iohy)

=0, 3.6
A TR (. Fo) GO
FOF X' @) = Bhr) + FO* (X — Bhr)
204
2O =B o son y— o) (37)

r

If we differentiate the third equation with respect to r, all equa-
tions can be written in terms of three variables, P, , Py, and ay,
where

Py = x' — Bhx,

Therefore, h;x is a non-dynamical degree of freedom. Indeed,
Py, Pn, and ay are invariant under a diffeomorphism generated by

Pp=hl, + iwhyy . (3.8)
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g1 = (0, z(r)e~ ! 0, 0), under which the fields are transformed as
follows:

Shix = rlz(vrsx Vi) = £ (et (39)
1 .

Shox = 5 (Vi + Vi) = —ieog (e ™", (310)

8x = Be(re', (311)

day=0. (3.12)

Using this gauge degree of freedom, one may set hyx = 0, which is
so-called the axial gauge. The numerical calculation in [3] has been
performed in this gauge. A question arises whether the resulting
physical quantities are independent of such gauge fixing condition.

Furthermore, even after we fix hyx = 0, one can still find a resid-
ual gauge transformation which is given by constant ¢ [11]. This
residual diffeomorphism doesn’t change the gauge fixing condition
hx =0 and generates constant shift on h; and x, because the
equations of motion contain only derivatives of hty and x and the
linear combination of them, wy (1) — iBhix(r), which is invariant
under
hix = hex + ho, and x — x +igho, (3.13)
where hg is a constant. Thus there is one parameter constant solu-
tion given by

B

aX=0, htx=h(), X =lah0, (3.14)
which does not satisfy in-falling boundary condition so it is not a
physical degree of freedom.> We call it the residual gauge symme-
try (RGS) because it is generated by the zero mode of a diffeomor-
phism generator. This kind of solution was first introduced in [12].

Why should there be such a residual degree of freedom? It can
be traced to the difference of the differential equation near horizon
and those near boundary. Near the black hole horizon (r — 1) the
solutions are expanded as

hoo= = D" (0 0 =1+ ),

ae= =" (@ +aPr -1 +-),

== (xO+x D=+, (3.15)
where vy = +idw/(—12+28% + %) = Fiw/ (4w T) and the incom-
ing boundary condition corresponds to v = v,. By inserting these
to the equations of motion, one can easily find a linear relations
between the zero-th modes:
W+ DY + pua” + gx P =0 (3.16)
Notice that all other modes are generated by these. Thus there is
a well defined constraint equation which reduces the degrees of
freedom.

On the other hand, by inserting the expansion near the bound-
ary (r — o0)

hex = h(Y + —h§2)+ R I

1
ax=a§°)+;a§”+---,

1 1
X=X(0)+r—2X(2)+r_3X(3)+"" (317)

2 It is a regular solution at future horizon.

to the equations of motion, we cannot get any relation between
the zero-th modes al”, h, and x @, all of which are related to
the higher modes. More exphcitly,

- 21:(0
—iph!Yy -2

w(wy© @ =0,

iBx©@ —ighYy —2n? =0 (3.18)
which are evolution equations in r-direction. Therefore, there is
no constraint equation. Then there is a crisis of mismatch of de-
grees of freedom and this crisis is resolved by the effective residual
degree of freedom described above. However, this residual gauge
degree of freedom raises another issue of invariance of physics
under this symmetry. We will address this issue at the end of Sec-
tion 5.

4. Holographic renormalization and gauge invariance

Now we come back to the question whether physical quantities
are independent of the choice of the gauge condition hx(r) = 0.
We will show this by proving that the generating function of phys-
ical quantities, the on-shell action, is invariant even in the case
with hyx(r) # 0.

The on-shell renormalized action to quadratic order in fluctua-
tion fields, s%{ is

. 1 1
Sten = lim / d3x[5wl (—5f8grx - —frzﬁllf{)
00 2 2

2 1
+ ?agfx - Ef(SAXM;

88tx

— 88x (%agrx 1 2(
r28in ﬁagt,{>
+nc |6 -
n <W]<2\/T NG
ﬂ&hfﬁgtx 2 2
+ e 2 ) sg2 ) | (41)
2/F (ﬁ) g”

where f(r)=r% — ’32—2 - mo —|— . We dropped the boundary con-
tribution from the horizon as a prescrlptlon for the retarded Green
function [13].> Near boundary r — oo, the fluctuation fields in mo-
mentum space, (3.1)-(3.4), may be expanded as

) + 6AX>

(n) (n)
htx(w, r) Z h (w) ) hl’X(a)a r) Z h (a))

rm rm
n=0 n=0
(n) - (n)
(w) ()
ax(w,r)—z - xwn=3"% el (42)
n=0 n=0

and using the equations of motion, we can obtain a quadratic ac-
tion as follows

3 In fact, the contribution of the incoming solution at the horizon is zero in (4.1),
which is real. However, for a generating function of retarded Green’s functions, we
will take only part of (4.1) as explained below (4.3), which is complex. In this case,
it turns out that the contribution from the horizon is pure imaginary. From this
perspective, we should drop the contribution from the horizon.
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2 ) 2m

o0
2 Vo [do _(0); (0 =0) (0 =0),(0) | =(0) (1
51('e21 =515 |:—/La)(( )hgx) - /thx)a>(< - Zmohgx)hgx) +a)(c )a>(< )
0

(104 Z0) (31 + pni?)

+ (1 — 1){—A3 (4rPn)

— 2 (4RDRO + 4RO )

+A (iﬁﬁﬁ? xQw —2ihQhYw + 20 hig))

+ A (4R nF o — 4P + 83 OnDw

7O % 00?) — 2maROn — ARV — 2ihn

+ B2 ey + ipoohy x @ — 4iwhihY — 4 h)
+ifogVh? — oWy © H + [ccl, (4.3)

where the argument of the fields* is w. Vo denotes volume in x-y
space and [c.c] means the complex conjugated terms. From here,
we will drop the [c.c] term since we want to compute retarded
Green’s functions [13].

The second line is proportional to a gauge invariant combi-
nation under (3.13). Furthermore, one of the equation of motion

including hﬁi) is

1
hY - ——— (3iwh§§> —inwad® —3p x(3)) —o. (4.4)

-
One can show that (4.4) is equivalent to a Ward identity
V(TR + F(J4) = (018 g =0, (4.5)

by using the boundary metric and the other fields in the linear
approximation given as follows:

ds? = nuudxtdx’ + 2hY e~ dtdx

(TH) = (T(O)W> + <T(mw>

F=—iwa®e ®dr A dx,

(]ﬂ>:<1<om>+<]<1>u>: (11,0,0) + (07(1)((1) — h® 70) oot
Y= (Bx,BY) .

(0")=(0M") = (3x® + Y 0) 7", (4.6)
where
2 00
(o) =mo |0 1 0],
00 1
010\
(r®m) = (~2mohly) — 30 +iwhi¥) [ 1 0 0 er,
00 0

(4.7)

One may ask why Ward identity of the boundary theory is in-
cluded in the bulk equation of motion. It is not accidental: The

4 &ff)) (w) = aio)(fw) = af‘O) (w)* by the reality condition of §Ax. The same nota-
tion and reality condition apply to all the other fields.

translation, x — x+&p at the boundary theory is imbedded into the
bulk diffeomorphism x — x + £(x), which induces the field trans-
formation ® — & 4 §; ®, which in turn is a special case of general
variation, ® — ® 4 §&. Now the equation of motion is coming
from the invariance of bulk action §Sg = 0 under the general vari-
ation, while the Ward identity is the requirement of the boundary
action under the translation 8¢ Sp = 0. Because AdS/CFT request
Sg = Sp at the onshell, the latter is contained in the huge tower of
equation of motion as a tiny piece.

The terms proportional to (. —1) in (4.3) include the divergent
terms with A, a regularization parameter, and finite terms with-
out A. A remarkable fact is that with the counter term of weight
ne = 1, not only the divergent terms are canceled, but also all the
hrx dependent finite terms disappears from the on-shell action, as
we claimed in the beginning of this section.

5. Gauge invariance under the residual gauge transformation

Our starting point is the action’

o0
Vv dw -
2 2 _(0), (0 0),.(0) , =(0) (1
Sl(-e,)1 =— | — —ua§ )hﬁx) — 2mohgx)h§x) +a,(( )af()
2 21
0

NONE - - . (0 4
=3 + 37O %D + (B +iwhyy) hﬁQ]
+c.c, (5.1)

which is still dependent on residual gauge (3.13) even after we
set hx = 0. Since it is just a constant shift of the solution &,
its effects are only shifts of zero-th modes and @'(r) and all of
its modes, especially (a,(g),hg), x®) :=T1° are intact. Notice that
the recurrence relations derived from equations of motion relate
higher modes with the zero-th modes J9 = (a{”, h?, x©). How-
ever, all dependences of higher modes on zeroth modes is through
the gauge invariant combination wy @ —ih. See, for example,
(3.18). Thus all higher modes are gauge invariant, which makes the
gauge invariance of the ®’'(r) intact in spite of the complicated de-
pendence of higher modes on the zeroth modes.

The residual gauge dependence of (5.1) can be understood as
follows. The full on shell action should be invariant under the
residual gauge transformation. However, what we are looking at is
the quadratic part of the action S%),, which generates the 2-point
function, in the expansion of

Srenl[8®] = S{oh + SLeald®] + S\e[sP] + - - -, (5.2)

where §® = (§®y,, 8P, 5P;) collectively denotes the sources of

the dual field theory, which are boundary values of rlz&g,w, A,

and §vy;. SE;SI[(W] and S%[Sdﬂ are given as follows:

55;31[8@]:/df“x(%mw<T<°>W>+5¢M<J<om>
+ 8P <o<°>’>> , (53)
staser= | d3x<%8¢MU<T(1)M”>+5¢.H< o)

+5c1>,<o“>’>>. (54)

5 It comes from (4.1) before we get Eq. (4.3), for which we have to use the equa-
tions of motion.
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Under the residual gauge transformation® with hg = —iw¢o, the
variations of these actions are

dw (- /. )
sSQs0] =V, f o {2 (iwnal +2i0mohy)) + cc} . (55)

5Stenl8®] = —8Siep[5P]
do (- . .
+V; / — {Co (3,8)((3) —3iwh + iwpua)
27
+ (/82 - a)2) hﬁ‘x‘)) + c.c] : (5.6)

Thus the total variation is proportional to the Ward identity (4.4).
Notice that Sy, is gauge invariant but S%)l which is starting point
to derive the Green function, is not invariant by itself. Nevertheless
physical observables derived from Sgﬁ are invariant because the
Green functions are second derivatives of the full on shell action
at the zero source limit.

At this point one can discuss a puzzle in counting degrees of
freedom. There are only two independent bulk solutions satisfying
the in-falling boundary conditions,” while we need three solutions
at the boundary since there are three independent source fields.
Therefore, there is a crisis of mismatch of degrees of freedom be-
tween the bulk and boundary. What solves the problem is the RGS
(3.14). We call it RGS because it is generated by the zero mode
of a diffeomorphism generator. On the other hand, to be a proper
gauge degree of freedom in the bulk, the diffeomorphism generator
should satisfy the proper boundary conditions: infalling at horizon
and Dirichlet at boundary. The residual gauge symmetry genera-
tor is a global shift and therefore it can satisfy neither of them. So
such a shift by the diffeomorphism zero mode is not a true gauge
symmetry, while it is a symmetry of the bulk equations of motion.
In other words, the RGS is a “solution generating symmetry” rather
than a gauge symmetry. Therefore, the gauge orbit of RGS can pro-
vide us the necessary degree of freedom (d.o.f) near boundary. To
match the d.o.f, we need to accept its bulk orbit as physical config-
uration inspite of the fact that the resulting bulk solution does not
satisfy the infalling BC.2 One can give a more natural bulk solution
by extending RGS to a diffeomorphism which satisfies the infalling
boundary condition and it is reduced to our previous RGS near the
boundary. It is generated by &% = (0, z(r)e~*, 0, 0), with?

¢(r)=e(f(r)/r?)~ie/érn) (5.7)

where f is the metric factor given in Eq. (2.8) and € is a constant
parameter. Notice that the RGS is the case where ¢(r) is constant.
We will call this “boundary shifting diffeomorphism” (BSD). Now
we can understand the degree of freedom mismatch as follows:
Since it is not satisfying the Dirichlet bc, it is still not a proper
gauge transformation. Notice also that under (5.7), the gauge slice
is shifted and some of the gauge fields become singular. For the
discussion on the treating these issues, we refer the reader to p. 24
of Ref. [9].10 This is the reason why the BSD can generate a new

6 This transformation changes the sources of the action, 8Dy, 8Py, 8P, One
should note that there are non-vanishing transformations for §®go and §®y.

7 We have two second order differential equations and one first order one in
three variables: ay, hty, x. Therefore, there are 5 boundary conditions to fix. If we
fix the in-falling boundary conditions for all three variables, we are left with two
degrees of freedom. We recall equations (3.15) and (3.16).

8 So far we discussed the degree of freedom mismatch using the RGS, since our
formalism in [3] to calculate the conductivity is based on it.

9 We thank the anonymous referee for suggesting to consider this.

10 1t is very tempting to consider BSD as a gauge transformation at least from bulk
point of view. If we do it, we get to the problem: Its orbit in the boundary generate
physical configuration while it does not in the bulk, so that crisis of d.o.f becomes
real!

solution in the boundary. It is precisely the same logic why RGS
generate new solution.!! Since RGS and BSD shift the boundary
values of fields, they generate the Ward identity for the transla-
tion invariance. This is a typical example how a global symmetry
is encoded in a local gauge transformation and how the apparent
paradox of the degree of freedom can be resolved because of the
holographic correspondence.'?

6. Basis independence

In [3], we constructed a formalism to perform the AC conduc-
tivities for the case where multiple fields are coupled together.
We had to choose a basis of initial conditions and one can ask
whether different choices of basis give the same result. Answering
this question will also provide an alternative reasoning of gauge
invariance. To provide the setup, let us consider N fields ®%(x,r),
(a=1,2,---,N),

dik
@m)d
where the index a may include components of higher spin
fields. For convenience, r? is multiplied such that the solution
®%(k, 1) goes to constant at boundary. In our case, (&', ®2, d3) =

(ax, hex, x) and p=0 for ®!, ®3 and p =2 for 2.
Near horizon (r = 1), solutions can be expanded as

DYx, 1) = e Pk, 1), (6.1)

Of(k,r) = —1D"* (¢ + @fr—1)+--), (6.2)

where a new subscript i is introduced to denote the solutions cor-
responding to a specific independent set of initial conditions. For
example, ¢f may be chosen as

=1 —@+h/a+w, 1),

=1 ~@a—pra+w, -1)", (63)

where we used (3.16) and v = —iw/(47 T) as shown below (3.15)
for incoming boundary condition to compute the retarded Green’s
function [13]. Due to incoming boundary condition, ¢} determines
@;! through horizon-regularity condition so that we can determine
the solution completely. Each initial value vector @; yields a solu-
tion, denoted by ®;(r), which is expanded as

a

QF
ot (k,1) > S+ -+ + rT; 4+ (near boundary), (6.4)

where S¢ are the sources (leading terms) of i-th solution and
Of are the operator expectation values corresponding to sources
(8a > 1).

Notice that we have only two solutions while we have a three
dimensional vector space J of boundary values J% a=1,2,3. To

1 This argument is further justified if we consider the numerical calculation start-
ing from the boundary instead from horizon. After choosing 3 fields’s values, we can
adjust two “expectation values” such that we can get infalling boundary values at
the horizon. It is easy to show that only when we start from a subspace of codimen-
sion 1, we get three infalling solution near the horizon. If we start from a point off
this plane, we get one infalling and two fields which are mixture of infalling and a
constant. In this calculation the gauge condition h;x = 0 is intact. This demonstrates
that we cannot impose infalling bc for all fields at hands. If we do the same numer-
ical experiment for BSD, the picture is following. The BSD generate the orbit and it
also move the gauge slice. Now in this case even in the case we start from the off
the plane, we can get three infalling fields at the horizon. We need to calculate the
r-evolution at each ‘gauge fixing’ plane which pass through the initial data.

12 The apparent ‘mismatch’ is due to the difference in viewing the gauge orbit of
BSD (or RGS) between the bulk and boundary. In the bulk, one could view it as
gauge orbit. On the other hand, from the boundary theory point of view, there is no
gauge structure and the orbit of translation symmetry is physical degree of freedom.
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fix such mismatch of degree of freedom, we introduce a constant
solution ®g(r) =Sg = (0, 1,i8/w)T along the gauge-orbit direction
of the residual gauge transformation so that S{, S}, S§ form a basis
of J. Now S and O are generic regular matrices of order 3.

The general solution is a linear combination of them: let

%k, 1) = DI (k,r)C’, (6.5)
with real constants c'’s. We can choose ¢! such that the combined
source term matches the boundary value J9:
Je =5, (6.6)
which yields

) e
Dk, 1) = Df(k,1)c" > JU 4+ e 4o,
(near boundary) (6.7)

where, with (6.4) and (6.6),

e =0% =0%S™ i > = cab. (6.8)
Notice that both I and C} are invariant under the transformation
JP — Jb +€Sh because CISh = 0%(S™1)i S5 =0F =0, where Of =
0 since it is the sub-leading term of the constant solutions.

A general on-shell quadratic action in momentum space has the
form of

@) _ 1 ddk

ren = 5 (27[)"

[ 8w ®)J + *Bay GoT1" ], (69)

where A and B are regular matrices of order N. J® means J%(—k)
and, in matrix notation, J% can be understood as a row matrix. For
example, in our case, the effective action (5.1) reads

Vz dow - -
=3 [ 5= [Iha@ )"+ Ba@’ ], (6:10)
T
where
a)((O) a;l)
Jo= h§0) e — hf)
X ’ X ’
x© x®
0 - 0 10 O
by
A:(—u —2my 0), B=(0 o 2 (6.11)
0 0 0 00 3
With (6.8) the action (6.9) becomes
1 dik - 1
s=3 [ oo I [0+ Bac0is}0] 1]
w=>0
1 d% -4 R b
=5/ S 168" (612)
w>0

where the range of w is chosen to be positive following the pre-
scription in [13]. Notice that (D);’(S*l)g is independent of J? be-
cause neither S nor Of depends on J°. Furthermore (O)?(Sq);'7 is
independent of the choice of the initial condition (6.3), because
the different choice of initial value vectors is nothing but a linear

transformation ¢f — <p3?R{ , which induces right multiplications in
the solutions: S — SR, O — QR. This proves the Green functions
are independent of choice of basis for our initial conditions.
Notice that since A and B are also independent of J, ng is
independent of ] and manifestly gauge invariant, giving alternative
reason for the invariance of the Green functions under the residual

gauge symmetry.

7. Conclusion

We investigated the gauge invariance of physical observables in
a holographic theory under the local diffeomorphism. We find that
gauge invariance is closely related to the holographic renormal-
ization. Apart from the zero-th mode residual gauge dependence,
gauge dependence is canceled by the local counter terms defined
in the boundary. However, due to the difference in the space-time
structure between the near-horizon and near boundary regions,
there are residual gauge structure near boundary. There is a sub-
tle and deep connection between the degrees of freedom at the
boundary and those at the bulk. There are three degrees of free-
dom at the boundary, out of which only two can be embedded
into bulk fields such that they are the boundary values of the bulk
fields satisfying the incoming boundary conditions. The residual
gauge symmetry is not a proper gauge symmetry but a solution
generator near the boundary. We proved the invariance of Green’s
functions under such a symmetry in the context of algorithm by
which all AC transports are constructed simultaneously.

We can extend the RGS such that it satisfies the infalling
boundary condition, which we call the boundary shifting diffeo-
morphism. Then we can view things more concisely and natural.
RGS is not gauge symmetry but a solution generating transforma-
tion. Therefore it generate formally new solution both in boundary
and bulk. By extending it to BSD, the bulk part of the solution can
be accepted as a true bulk degree of freedom more naturally since
the latter satisfies the in-falling boundary condition.

8. Note added in proof

After this work is almost finished, the paper [14] appeared
where residual gauge invariance was discussed using a different
method.
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