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The influence of quantum diffraction and shielding on the electron-ion collision process is investi-

gated in two-component semiclassical plasmas. The eikonal method and micropotential taking into

account the quantum diffraction and shielding are used to obtain the eikonal scattering phase shift

and the eikonal collision cross section as functions of the collision energy, density parameter,

Debye length, electron de Broglie wavelength, and the impact parameter. The result shows that the

quantum diffraction and shielding effects suppress the eikonal scattering phase shift as well as the

differential eikonal collision cross section, especially, in small-impact parameter regions. It is also

shown that the quantum shielding effect on the eikonal collision cross section is more important in

low-collision energies. In addition, it is found that the eikonal collision cross section increases with

an increase in the density parameter. The variations of the eikonal cross section due to the quantum

diffraction and shielding effects are also discussed. VC 2015 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4905512]

I. INTRODUCTION

Recently, there are strong interests in the physical prop-

erties of dense plasmas in order to explore physical processes

in astrophysical and laboratory semiclassical plasmas such

as compact astrophysical objects, intense laser-plasma

experiments, nano-wires, quantum dots, and semiconductor

devices.1–10 It has been shown that the quantum diffraction

effect6–8 plays important role on the effective interaction

potential for small or intermediate interparticle spacing in

dense semiclassical plasmas. In various plasmas, the elastic

and inelastic collision and radiation processes11–18 have

received considerable attention—since the atomic processes

can be used as plasma diagnostic tools for investigating the

plasma parameters, and the collision process is known as the

standard problem in plasma electrodynamics. These atomic

collision and radiation processes have been actively investi-

gated using the standard Yukawa-type Debye-H€uckel

model19,20 obtained by the linearization of the Poisson equa-

tion with the Maxwell distribution function since the average

screened interaction energy between plasma particles is usu-

ally small compared to the average kinetic energy of a

plasma particle in classical weakly coupled or ideal plasmas.

It has been known that the screened effective interaction

potential and the electron pair-correlation function would not

be properly represented by the Debye-H€uckel theory owing

to the quantum-mechanical and collective effects in semi-

classical plasmas.7,8 Hence, it would be expected that the

electron-ion collisions in dense semiclassical plasmas would

be then quite different from those in classical weakly

coupled plasmas owing to the plasma shielding and the quan-

tum diffraction effects. However, the quantum diffraction

and shielding effects on the electron-ion collision in dense

semiclassical plasmas has not been investigates as yet. Thus,

in this paper, we investigate the influence of quantum dif-

fraction and shielding on the electron-ion collision cross sec-

tion in dense semiclassical plasmas since the electron-ion

collision is related to the electric conductivity as well as the

bremsstrahlung process in plasmas. The eikonal analysis and

micropotential taking into account the quantum diffraction

and shielding effects are employed to obtain the eikonal scat-

tering phase shift and the eikonal collision cross section as

functions of the collision energy, density parameter, Debye

length, electron de Broglie wavelength, and impact parame-

ter. Furthermore, the variation of the quantum diffraction

and shielding effects on the eikonal scattering phase shift

and the eikonal collision cross section are also discussed.

In Sec. II, we discuss the effective interaction potential

in semiclassical plasmas and the eikonal method for the elas-

tic collision process. In Sec. III, we derive the eikonal phase

shift for the elastic electron-ion collision in semiclassical

plasmas. In Sec. IV, we obtain the differential and total eiko-

nal collision cross sections in semiclassical plasmas. Finally,

the quantum effects and conclusions are given in Section V.

II. EFFECTIVE INTERACTION POTENTIAL
AND EIKONAL METHOD

Very recently, Ramazanov, Moldabekov, Gabdullin, and

Ismagambetova (RMGI)10 have provided a quite useful ana-

lytic expression of the effective interaction potential VabðrÞ
between particles ea and eb in dense semiclassical plasmas
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taking into account the quantum shielding, diffraction, and

symmetric effects, where a and b are types of plasma par-

ticles. Using the RMGI-micropotential model,10 the effective

interaction potential VeiðrÞ between the electron (e) and the

ion (i) with nuclear charge Ze in dense semiclassical plasmas

including the influence of quantum diffraction and shielding

is represented by the following form:

Vei rð Þ ¼ � Ze2

r

�
1� tanh

ffiffiffi
2
p

k2
ei

a2 þ br2

� �

� exp

�
�tanh

ffiffiffi
2
p

k2
ei

a2 þ br2

� ���
� 1� exp �r=keið Þ½ � � diekBT

� ln 1� 1

2
exp �r2=k2

ee

� �� �
; (1)

where kab½¼�h=ð4plabkBTÞ1=2� is the de Broglie wave length

for the reduced mass lab½¼mamb=ðma þ mbÞ�, ma is the

mass of the particle a, kB is the Boltzmann constant, T is the

plasma temperature, a is the average distance between par-

ticles, b ¼ 0:033, and dab is the Kronecker delta. Since the

term proportional to the Kronecker delta in Eq. (1) represents

the symmetric effect, it can be found that the symmetric

effect has no contribution to the electron-ion collision pro-

cess in dense semiclassical plasmas. If the density effects are

neglected,10 i.e., k2
ab=a2 � 1, in the quantum diffraction

term in Eq. (1), the interaction potential becomes the general

Deutch potential such as

V0ei rð Þ ¼ � Ze2

r
1� exp �r=keið Þ½ � : (2)

This potential coincides with the Deutch potential21 in semi-

classical plasmas without the symmetric effect.

In the nonrelativistic Schr€odinger equation, for a given

interaction potential VðrÞ with the eikonal wave function

uEðrÞ½/ei SPðrÞ=�h�, the Hamilton-Jacobi equation22 is repre-

sented by

1

2l
rSP rð Þ½ �2 þ V rð Þ ¼ �h2k2

2l
; (3)

where r is the position vector of the electron, SPðrÞ is the

Hamilton-Jacobi phase function, �h is the rationalized Planck

constant, Eð¼�h2k2=2lab ¼ labv
2=2Þ is the collision energy,

k is the wave number, and v is the relative collision velocity.

In the cylindrical coordinate system with the straight-line tra-

jectory analysis, i.e., r ¼ qþ zn̂, where q is the impact pa-

rameter, z is the longitudinal variable, n̂ is the unit vector

normal to the momentum transfer Dkð�ki � kf Þ, ki and kf

are the incident and final wave vectors, the Hamilton-Jacobi

phase function SPðzÞ would be obtained by

SP zð Þ ffi k�hz�
lab

�hki

ðz

�1
dz0 V q; z0ð Þ ; (4)

when j�hr2SPð rÞj � j½rSPðrÞ�2j. Using the eikonal con-

straint such as jVðrÞj=E < 1,22 the eikonal wave function

solution uEðrÞ would be then given by

uE rð Þ ffi 2pð Þ�3=2
exp i ki � r�

ilab

�h2ki

ðz

�1
dz0 V q; z0ð Þ

� �
; (5)

where jVðrÞj is a typical strength of the interaction potential.

Then, the eikonal scattering amplitude fEðDkÞ can be

obtained by following form:

fE Dkð Þ ¼ �
lab

2p�h2

ð
d3r

� exp i Dk � r�
ilab

�h2ki

ðz

�1
dz0 V q; z0ð Þ

� �
V rð Þ :

(6)

III. EIKONAL PHASE SHIFT

From the relation between the differential eikonal colli-

sion cross section drEC and the eikonal scattering amplitude

fEðDkÞ such as drEC=dX ¼ jfEðqÞj2, the total elastic eikonal

collision cross section rECðkÞ as a function of the wave num-

ber k would be represented by

rECðkÞ ¼ 2p
ð

dq qj exp ½igEPðq; kÞ� � 1j2 ; (7)

where dX is the differential solid angle and kð�jkij ¼ jkf jÞ
¼ ð2labE=�h2Þ1=2

is the wave number for elastic collisions.

Based on the series expansion technique23 on the eikonal

scattering amplitude, the total eikonal scattering phase

shift gEPðq; kÞ would be represented by the following

expressions:

gEP q; kð Þ ¼ �
X

l

1

lþ 1ð Þ!
lab

�h2

� �lþ1 1

k

q
k2
@q � @k

1

k

� �l

�
ð1
�1

dz Vlþ1 q; zð Þ; (8)

where the differential operators are defined as @q� @=@q
and @k � @=@k. From Eqs. (1) and (7), the first-order eiko-

nal scattering phase shift gEP for the elastic electron-ion

collision in dense semiclassical plasmas including the

influence of the quantum diffraction and shielding is found

to be

gEP �q; �E; �kD; �k; �rs

	 

¼ 2

�E
1=2

ð�kD

0

d�z
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�q2 þ �z2
p

�
"

1� tanh

ffiffiffi
2
p

�k
2

�r2
s þ b �q2 þ �z2ð Þ

 !

� exp

"
�tanh

ffiffiffi
2
p

�k
2

�r2
s þ b �q2 þ �z2ð Þ

 !##

� 1� exp �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�q2 þ �z2

p
=�k

� �h i
;

(9)

where �qð�q=aZÞ is the scaled impact parameter, aZ � a0=Z,

a0ð¼�h2=mee2Þ is the Bohr radius of the hydrogen atom, me is

the mass of the electron, �Eð� E=Z2RyÞ is the scaled collision
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energy in units of the Rydberg energy, Ryð¼mee4=2�h2

	 13:6 eVÞ is the Rydberg constant, �kDð�kD=aZÞ is the

scaled Debye length in units of aZ, �z � z=aZ, �kð� kie=aZÞ is

the scaled de Broglie wave length for the electron-ion sys-

tem, and �rs ¼ a=aZ is the density parameter. As shown in

Eq. (9), the upper-limit on the integral is determined by the

screening distance �kD in plasmas. Since the electric conduc-

tivity and mobility in plasmas are related to the scattering

phase shift of the elastic collision cross section, the deriva-

tive of the eikonal scattering phase shift about the collision

energy, i.e., @gEC=@ �E provides the physical information on

the occurrence scattering time.24 If we neglect the density

effect in semiclassical plasmas, i.e., using the Deutch poten-

tial [Eq. (2)], the eikonal scattering phase shift g0EP for the

elastic electron-ion collision in dense semiclassical plasmas

becomes

g0EP �q; �E; �kD; �k
	 


¼ 2

�E
1=2

ð�kD

0

d�z
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�q2 þ �z2
p

� 1� exp �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�q2 þ �z2

p
=�k

� �h i
: (10)

IV. EIKONAL COLLISION CROSS SECTION

The scaled differential eikonal collision cross section

@�q�rEC½� ðdrEC=d�qÞ=pa2
Z� in units of pa2

Z for the elastic

electron-ion collision in dense semiclassical plasmas including

the quantum diffraction and shielding effects is then found to be

@�q�rEC �q; �E; �kD; �k; �rs

	 

¼ 2�q

�����exp

(
2

�E
1=2

ð�kD

0

d�z
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�q2 þ �z2
p

"
1� tanh

ffiffiffi
2
p

�k
2

�r2
s þ b �q2 þ �z2ð Þ

 !

� exp

"
�tanh

ffiffiffi
2
p

�k
2

�r2
s þ b �q2 þ �z2ð Þ

 !##
1� exp �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�q2 þ �z2

p
=�k

� �h i)
� 1

�����
2

: (11)

In semiclassical plasmas, the choice of the upper limit of the

integral is quite important in the evaluation of the eikonal

phase and the eikonal cross section. It would be expected

that the choice of the upper limit of the integral should not

destroy the information on the quantum diffraction and quan-

tum shielding effects in micropotentials. Hence, in this work,

we use the Debye length as the truncated limit of the inte-

grals for the eikonal phase and the eikonal cross section since

the eikonal phase [Eq. (9)] and the eikonal cross section [Eq.

(11)] encompass the detailed information on the collision dy-

namics as well as the physical characteristics of micropoten-

tials and the physical properties of semiclassical plasmas.

More detailed investigation for the range of the eikonal

method by comparing the other method such as the partial-

wave analysis known as the Faxen-Holtzmark Theory will

be treated elsewhere. As shown in Eq. (11), the quantum

density effects on the differential eikonal electron-ion eiko-

nal collision cross section are explicitly indicated through

the hyperbolic tangent terms, tanh½
ffiffiffi
2
p

�k
2
=ð�r2

s þ bð�q2 þ �z2ÞÞ�,
in the integrand. However, if we neglect the density effect in

dense semiclassical plasmas, the scaled differential eikonal

collision cross section @�q�r0EC in units of pa2
Z for the elastic

electron-atom collision would be

@�q�r0EC �q; �E; �kD; �k
	 


¼2�q

����exp

(
2

�E
1=2

ð�kD

0

d�z
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�q2þ�z2
p

� 1�exp �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�q2þ�z2

p
=�k

� �h i)
�1

����
2

:

(12)

Hence, the scaled total eikonal collision cross section

�rECð �E; �kD; �k; �rsÞð¼ rEC=pa2
ZÞ in units of pa2

Z for the

electron-ion collision in dense semiclassical plasmas includ-

ing the influence of the quantum diffraction and shielding is

obtained by the following integral expression:

�rEC
�E; �kD; �k; �rs

	 

¼ 2

ð�kD

0

d�q �q

����� exp

(
2

�E
1=2

ð�kD

0

d�z
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�q2 þ �z2
p

"
1� tanh

ffiffiffi
2
p

�k
2

�r2
s þ b �q2 þ �z2ð Þ

 !

� exp �tanh

ffiffiffi
2
p

�k
2

�r2
s þ b �q2 þ �z2ð Þ

 !" ##
1� exp �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�q2 þ �z2

p
=�k

� �#2
4

9=
;� 1

�����
2

; (13)

where the upper-limit on the integral over the impact parame-

ter is also determined by the Debye screening distance �kD.

The closed expression of the eikonal collision cross section

�rECð �E; �kD; �k; �rsÞ [Eq. (13)] would also be quite useful for

investigating the electron-ion bremsstrahlung process25 in

dense semiclassical plasmas since the bremsstrahlung cross
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section is related to the scattering cross section owing to the

electron interaction with heavy particles. Recently, the elec-

tron-exchange26 and quantum shielding effects on the brems-

strahlung process and the renormalization27 effects on the

atomic collision process have been investigated in dense

quantum plasmas. In addition, the quantum diffraction effect

on the electron-atom polarization collision process has been

investigated in partially ionized dense plasmas.28 However,

the influence of quantum diffraction and shielding on the

electron-ion collision cross section has not been investigated

as yet. Hence, the expression of the eikonal collision

cross section [Eq. (13)] is quite reliable to explore the quan-

tum diffraction and shielding effects on the electron-ion

collision process in dense semiclassical plasmas for

high-collision velocities22 v > ac, i.e., �E > 1, where að¼ e2

=�hc 	 1=137Þ is the fine structure constant and c is the speed

of light in vacuum. Otherwise, the scaled total eikonal colli-

sion cross section �r0ECð �E; �kD; �kÞ in units of pa2
Z for the

electron-ion collision in dense semiclassical plasmas without

the density effect is given by

�r0EC
�E; �kD; �k
	 


¼ 2

ð�kD

0

d�q �q

����� exp
2

�E
1=2

ð�kD

0

d�z
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�q2 þ �z2
p 1� exp �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�q2 þ �z2

p
=�k

� �h i( )
� 1

�����
2

: (14)

Very recently, the renormalization screening and collision-

induced quantum interference effects on the electron-

electron collision29 has been investigated in partially ionized

dense hydrogen plasmas. In addition, it is found that the

electron-exchange effect30–32 due to the electron 1/2-spin

plays a crucial role in the formation of the plasma dielectric

function as well as the effective interaction potential in quan-

tum plasmas. Hence, the influence of dynamic33 quantum

diffraction and shielding on the electron-electron collision

including the influence of electron-exchange in quantum

plasmas will be treated elsewhere.

V. QUANTUM EFFECTS AND CONCLUSIONS

In order to specifically investigate the quantum diffraction

and shielding effects on the electron-ion collision process in

dense semiclassical plasmas, we consider the eikonal scattering

phase shift and the eikonal collision cross section for high-

collision velocities22 such as �E > 1. Figure 1 represents the

eikonal scattering phase shift gPS for the electron-ion collision

in dense semiclassical plasmas including the influence of quan-

tum diffraction and shielding as a function of the scaled impact

parameter �q for various values of the de Broglie wave length
�k. The comparison with the eikonal scattering phase shift g0PS

obtained by the Deutch potential is also given in Figure 1. As it

is seen, it is found that the density effect through the density

parameter �rs suppresses the eikonal scattering phase shift,

especially, in small impact parameters. It is also shown that the

eikonal scattering phase shift gPS decreases with an increase of

the de Broglie wave length. Hence, we have found that the

quantum shielding effect diminishes the eikonal scattering

phase shift gPS in small impact parameter regions. In addition,

the quantum shielding effect on the eikonal scattering phase

shift gPS is found to be decreased with increasing impact pa-

rameter �q. Figure 2 shows the scaled differential eikonal colli-

sion cross section @�q �rEC in units of pa2
Z for the electron-ion

collision in dense semiclassical plasmas including the quantum

diffraction and shielding effects as a function of the scaled

FIG. 1. The eikonal scattering phase shift gPS for the electron-ion collision

in dense semiclassical plasmas as a function of the scaled impact parameter

�q when �E ¼ 5 and �kD ¼ 3. The solid line is the eikonal scattering phase

shift [Eq. (9)] for �rs ¼ 0:3 and �k ¼ 0:1. The dashed line is the eikonal scat-

tering phase shift [Eq. (9)] for �rs ¼ 0:3 and �k ¼ 0:2. The dotted line is the

eikonal scattering phase shift [Eq. (10)] for �k ¼ 0:1. The dot-dashed line is

the eikonal scattering phase shift [Eq. (10)] for �k ¼ 0:2.

FIG. 2. The scaled differential eikonal collision cross section @�q �rEC in units

of pa2
Z for the electron-ion collision in dense semiclassical plasmas as a

function of the scaled impact parameter �q when �E ¼ 5 and �kD ¼ 3. The

solid line is the differential eikonal collision cross section [Eq. (11)] for

�rs ¼ 0:3 and �k ¼ 0:1. The dashed line is the differential eikonal collision

cross section [Eq. (11)] for �rs ¼ 0:3 and �k ¼ 0:2. The dotted line is the dif-

ferential eikonal collision cross section [Eq. (12)] for �k ¼ 0:1. The dot-

dashed line is the differential eikonal collision cross section [Eq. (12)] for
�k ¼ 0:2.
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impact parameter �q for various values of the de Broglie wave

length �k. The comparison with the scaled differential eikonal

collision cross section @�q �r0EC obtained by the Deutch potential

is also illustrated in this figure. As shown, it is found that the

quantum shielding effect through the de Broglie wave length

decreases the differential eikonal collision cross section @�q�rEC

near the peak position. We have also found that the quantum

shielding effect on the differential eikonal collision cross sec-

tion @�q�rEC decreases with increasing impact parameter �q.

Figure 3 represents the scaled differential eikonal collision

cross section @�q �rEC in units of pa2
Z for the electron-ion colli-

sion in dense semiclassical plasmas as a function of the impact

parameter �q for various values of the density parameter �rs.

From this figure, we have found that the differential eikonal

collision cross section @�q�rEC increases with an increase of the

density parameter �rs near the peak of the differential cross sec-

tion. It is also found that the peak position approaches to the

collision center with increasing density parameter �rs. Hence,

we have found that the density effect through the parameter �rs

strengthens the collision dynamics in semiclassical plasmas.

Figure 4 represents the scaled total eikonal collision cross sec-

tion �rEC in units of pa2
Z for the electron-ion collision in dense

semiclassical plasmas including the quantum diffraction and

shielding effects as a function of the scaled collision energy �E.

The comparison with the scaled total eikonal collision cross

section �r0EC obtained by the Deutch potential is also given in

Fig. 4. As for the case of the scattering phase shift gPS, the total

eikonal collision cross section �rEC including the density effect

decreases with increasing Broglie wave length �k. It is also

found that the quantum shielding effect on the total eikonal col-

lision cross section �rEC decreases with an increase of the colli-

sion energy �E. However, it is found that the quantum shielding

effect on the total eikonal collision cross section �r0EC obtained

by the Deutch potential is quite small in all collision energies.

Figure 5 represents the surface plot of the scaled total eikonal

collision cross section �rEC in units of pa2
Z for the electron-ion

collision including the influence of quantum diffraction and

FIG. 4. The scaled total eikonal collision cross section �rEC in units of pa2
Z

for the electron-ion collision as a function of the scaled collision energy �E
when �kD ¼ 3. The solid line is the total eikonal collision cross section [Eq.

(13)] for �rs ¼ 0:3 and �k ¼ 0:1. The dashed line is the total eikonal collision

cross section [Eq. (13)] for �rs ¼ 0:3 and �k ¼ 0:2. The dotted line is the total

eikonal collision cross section [Eq. (14)] for �k ¼ 0:1. The dot-dashed line is

the total eikonal collision cross section [Eq. (14)] for �k ¼ 0:2.

FIG. 6. The scaled total eikonal collision cross section �rEC [Eq. (13)] in

units of pa2
Z for the electron-ion collision in dense semiclassical plasmas

including the influence of quantum diffraction and shielding as a function of

the scaled collision energy �E. The solid line is the case of �rs ¼ 0:3. The

dashed line is the case of �rs ¼ 0:6. The dotted line is the case of �rs ¼ 0:9.

FIG. 3. The scaled differential eikonal collision cross section @�q �rEC

[Eq. (11)] in units of pa2
Z for the electron-ion collision in dense semiclassi-

cal plasmas including the influence of quantum diffraction and shielding

as a function of the impact parameter �q when �E ¼ 5, �k ¼ 0:1, and �kD ¼ 3.

The solid line is the case of �rs ¼ 0:3. The dashed line is the case of
�rs ¼ 0:6. The dotted line is the case of �rs ¼ 0:9.

FIG. 5. The surface plot of the scaled total eikonal collision cross section

�rEC [Eq. (13)] in units of pa2
Z for the electron-ion collision including the

influence of quantum diffraction and shielding as a function of the scaled

collision energy �E and the scaled de Broglie wave length �k when �rs ¼ 0:3
and �kD ¼ 3.
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shielding as a function of the scaled collision energy �E and the

scaled de Broglie wave length �k. From this figure, we have

found that the energy dependence of the total eikonal collision

cross section �rEC is more significant with decreasing de

Broglie wave length �k. In addition, the quantum shielding

effect on the total eikonal collision cross section �rEC is found

to be more effective for small collision energies. Figure 6

shows the scaled total eikonal collision cross section �rEC in

units of pa2
Z for the electron-ion collision in dense semiclassi-

cal plasmas including the quantum diffraction and shielding

effects as a function of the scaled collision energy �E for various

values of the density parameter rs. As it is seen, we found that

the total eikonal collision cross section �rEC increases with an

increase of the density parameter �rs. In addition, it is found

that the density effect through the density parameter �rs on the

total eikonal collision cross section �rEC is almost constant over

all collision energies. Hence, in this work, we have found that

the quantum shielding, diffraction, and density effects play cru-

cial roles on the electron-ion collision in dense semiclassical

plasmas. These results would provide useful information on the

quantum shielding, collective, and quantum-mechanical effects

on the atomic collision processes in dense plasmas.
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