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Abstract: Recently, Schmid and Spekkens studied the quantum contextuality in terms of state dis-
crimination. By dealing with the minimum error discrimination of two quantum states with identical
prior probabilities, they reported that quantum contextual advantage exists. Meanwhile, if one notes
a striking observation that the selection of prior probability can affect the quantum properties of the
system, it is necessary to verify whether the quantum contextual advantage depends on the prior
probabilities of the given states. In this paper, we consider the minimum error discrimination of
two states with arbitrary prior probabilities, in which both states are pure or mixed. We show that
the quantum contextual advantage in state discrimination may depend on the prior probabilities of
the given states. In particular, even though the quantum contextual advantage always exists in the
state discrimination of two nonorthogonal pure states with nonzero prior probabilities, the quantum
contextual advantage depends on prior probabilities in the state discrimination of two mixed states.

Keywords: contextuality; ontological model; minimum error discrimination

1. Introduction

Quantum contextuality is an essential concept that reveals the nonclassicality of quan-
tum mechanics. Kochen and Specker [1] proved that quantum mechanics could not be
described using a deterministic hidden variable model independent of the measurement.
Later, Spekkens [2] defined noncontextuality by introducing a noncontextual ontological
model, which is based on an operational theory.

State discrimination is to figure out what the given state is. The problem can be
clarified as follows. First, a sender prepares a state with a specific prior probability. Next,
the sender sends the state to the receiver, and the receiver determines what the state
is. In the state discrimination, there are many strategies such as minimum error dis-
crimination (MED) [3-15], unambiguous discrimination [16-23], discrimination with a
fixed error [24-27] etc. In particular, the MED is the optimal measurement strategy that
minimizes the average error probability. In the MED, a general solution exists for two
quantum states [3] but a general solution to more than two quantum states does not exist.
Nevertheless, state discrimination is used in wide application of quantum information
processing [28-34].

Schmid and Spekkens [35] investigated noncontextuality in terms of state discrimi-
nation. They studied noncontextuality by considering the minimum error discrimination
of two nonorthogonal pure quantum states with identical prior probabilities. They found
that the maximum success probability(guessing probability) of the minimum error dis-
crimination in the noncontextual model is lower than that in the quantum model. In
other words, quantum contextual advantage, which the preparation-noncontextual model
cannot achieve, exists in the MED of two pure qubit states with identical prior probabilities.
Therefore, state discrimination may be a valuable tool for quantum contextual advantage
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that noncontextual ontological models cannot achieve.

According to a recent investigation, the selection of prior probability can affect the
quantum properties of the system [36,37]. Therefore, it is necessary to verify whether
the quantum contextual advantage depends on the prior probabilities of the given states
when the MED of two pure quantum states with arbitrary prior probabilities is considered.
Furthermore, it should be determined whether the quantum contextual advantage occurs
in the MED of two mixed quantum states with arbitrary prior probabilities.

Therefore, in this study, we investigated the dependence of quantum contextual ad-
vantage on the prior probabilities of the given states by considering the MED of two
pure(mixed) quantum states with arbitrary prior probabilities. As a result, we showed that
the quantum contextual advantage exists regardless of nonzero prior probabilities in MED
of two nonorthogonal pure qubit states. However, we observed that in the MED of two
nonorthogonal mixed qubit states, the quantum contextual advantage depends on nonzero
prior probabilities.

2. Preliminaries
2.1. Quantum Theory and Discrimination between Two Mixed Qubit States

In the quantum theory, a state of a two-level system(or qubit state) is expressed by a
density operator in two-dimensional complex Hilbert space H. A measurement performed
on the qubit system is expressed using a positive operator-valued measure(POVM) that
consists of positive semidefinite operators M; on H satisfying ) ; M; = 1. Here, 1 is the
identity operator on H. In addition, when a measurement {M; }; is performed on qubit
state p prepared in the qubit system, the probability of obtaining the measurement outcome
corresponding to M, is expressed as Tr(pM;), according to Born’s rule.

Now;, let us consider the case where using measurement { My, M}, one discriminates
two qubit states p; and p; of the qubit state ensemble {1;, p;}7_;,

171:%(14-@); Plzelpl""(l_e)%' 0<r=1 1)
,72:%(1_./1_@, pZ:elpz—i—(l—e)%, 0<e<l,

where #; is the probability that the qubit state p; is prepared and ; is a pure qubit state
satisfying 0 < Tr(1¢2) < 1. Please note that the mixed states p; and p;, which will be
used throughout this paper, can be understood as the outputs of the quantum channel with
white noise for the state inputs 11 and . When M, is a measurement for detecting p;, the
probability that the given state can be correctly guessed becomes

p2({nipiY2y) = mTe(p1My) + 1 Tre(p2Mp). )

The MED of {1;, p;}%_; is to maximize p2({n:, pi }2_,). Based on the Helstrom bound [3],
the maximum of pg({m, pi}?_;) can be expressed as follows:

B [ m for 0<r<rq,
prax({7i:0i}i1) = 3 (1+ Telmpr — mapal) = { bo for rq<r<i, ®
where 2
cq = Tr(Y1¢), ro = ll;ﬁ’ pq = %(1 +€m). 4)

In the region of 0 < r < rq, the optimal success probability PR ({711, pi}?_;) canbe
determined by guessing the given state as p; without a measurement [38]. However, within
the region of rg < r < 1, p%ax({;yi,pi}%zl) cannot be obtained without measurements.
The optimal measurement consists of two orthogonal rank-one projectors mapping onto
eigenspaces of 17101 — 17202 [3].
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2.2. Operational Theory and Preparation-Noncontextual Ontological Model

Let us understand the quantum theory from the perspective of operational theory, to
explain preparations and measurements through primitive laboratory operations. In the
operational theory, when every measurement M to two preparations P and P’ provides
the identical statistics, P and P’ are operationally equivalent [2,35], i.e.,

P(k|M,P) = P(kIM,P)YMVk = P~7P, ®)

where P (k| M, P) is the probability that the measurement outcome is k when measurement
M is performed on preparation P. We use P, to represent the preparation of a quantum
system corresponding to a density operator p. Therefore, every preparation of a quantum
system, expressed by an identical density operator, is operationally equivalent.

Now, let us briefly explain the ontological model of the operational theory. In the op-
erational theory, every system of an ontological model has an ontic state space A revealing
its physical properties. Furthermore, the preparation P and measurement M of the system
are described by the epistemic state pp and {y| ¢ }x being a set of response functions, which
satisfy the following relations:

}lp(/\) Z OV/\, fA ,’l/lp()\)d)\ = 1,

(6)
Sym(A) = 0VAVE, Y Grm(A) =1 VA

The probability that the measurement outcome is k, when measurement M is performed
on preparation P, is expressed as follows:

P(kIM,P) = [ Sy (M) pp(A)dA, @)

where pp and ¢y ¢ are the epistemic state and the response function, respectively, cor-
responding to preparation P, and measurement M. We use {¢y, 5., ¢ oL 5.} to describe

the response functions corresponding to the measurement B; := {y;, 1/;14}, where tpf- is
the pure qubit state orthogonal to ;. If experiments of state preparations ¥;,+-, and
measurements B; are expressed by an ontological model, the model should produce the
following relations:

Ja Gyt (Mg, (A) Tr(ypip;) =1 Vi,
Ja By, (Mpg (V) = Tr(giyy) = cq Vi # .

The ontological model, which assigns an identical epistemic state to two operationally
equivalent preparations, is called preparation noncontextual [2,35]. In this work, we consider
a preparation-noncontextual ontological model to describe the preparation of the system.
For instance, the preparation of the mixed qubit state p;, defined in Equation (1), is opera-
tionally equivalent to the preparation of the qubit system where pure qubit state ¢; and
maximally mixed state % are prepared with the probabilities of € and 1 — €, respectively.
Therefore, the preparation noncontextuality implies that

Ho, = €py, + (1 — 6)#%, Mo, = €py, + (1 — e),u%. ©)

As another example, preparation P 1 of the maximally mixed state % is operationally

equivalent to the preparation of a qubit system where two orthogonal states ; and ;- are
prepared with identical probabilities. Then, preparation noncontextuality indicates that

My = gy + iyl = Sy T 3l (10)
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Because, in preparation-noncontextual model, supp(y1 ) is A, from Equations (8) and (10)

1
2
we can obtain the following relations [2,35]:

1, A€ supp(py,),
Supp (1) USupp(‘u%L) =N Gy (M) = 0, Ae SuPPWilL),
1
1 (
0 (

(11)
_ _ ) L Acsupp(uy,)
supp (jey,) Usupp(pyt) = A Sy (M) = o A ¢ supp )
where supp () and supp(&y () are the supports of the epistemic state y, and response
function ¢y ¢, respectively, ie.,

supp(pp) = {A € App(A) > 0}. (12)

Considering outcome-determinism of Equation (11), we obtain

fA glpz‘Bz(A)ywl(A)dA - fA é’rlP1|51 (Mg, (A)dA = cq,

13

T s s (VAN = [ & (Vg (VA = 1 - cq 1
Equation (13) represents the expressions to ideal confusability of two pure states in the
preparation-noncontextual model.

Equations (10) and (13) hold in two arbitrary states ¢; and ;. Therefore, the preparation-
noncontextual model of two pure orthogonal qubit states ¢ and ¢, which describe experi-
ments to state preparations ¢ and ¢+ and measurement M = {¢, ¢}, should produce the
following relations:

S Ept Ny (VA = [ Epu g (Vg (A = (14)

N—

If p%ax({m, pi}2_1) > 1 in the MED of {1;, p;}2_;, the optimal measurement is rank-one
projective. Therefore, if the maximum success probability achievable in the preparation-
noncontextual model is higher than #;, the measurement that provides the maximum
success probability satisfies Equation (14), i.e.,

Ja 8k Mz (VA = 5 Vk € {1,2} if Y775 [ G (Mg, (A)dA > 11, (15)

1
2
where M* is the measurement providing the maximum of Y7, 7; [ A Gim (M) pg; (A)dA
over all possible measurements M with two outcomes k € {1,2}.

3. Results

In this section, we consider the preparation-noncontextual model that reproduces the
statistics of Equations (8) and (15).

First, let us consider a case discriminating two preparations Py, and Py, provided
by probabilities of 71 and #,, respectively, using measurement M with two outcomes
k € {1,2}. When the outcome k of M indicates the detection of Py, , the probability that
the given preparation is guessed correctly can be expressed as follows:

psNC({Ui/PlPi}zzzl) = 212:1 i fACi|M(A)V¢i(A)d/\
= 3+ 3 fa (mpg Q) = 21y, (1)) (G M (A) = Sy pa(A))dA,

where the second equality is obtained using the relation of #; + 7, = 1 and the con-
straints of the response functions on Equation (6). Let the maximum of p¢({;, Py, }2_,)
be denoted as pXS, ({;, Py, }7_,). The following lemma provides the upper bound of

plrflgx ( {771'/ PlPi }12:1 )

(16)
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Lemma 1. pNS ({;, Py, }2_,) has an upper bound, expressed as follows:
Prax ({1, Py Yio1) < 1= ipcq. (17)

Proof. Suppose that M is the measurement providing pXS, ({#;, Py, }2_,). For any ontic
state A € A, the inequality of [G1|4((A) — ¢ a¢(A)| < 1 holds and using Equation (16) we
obtain the following inequalities:

2o Pyt =1 < [y [y, (A) = n2pyg, (M) dA
= fsupp(ywl)ﬂsupp ]41/; |171]’11P1( ) 172]"412()\)’d)\
+ fsupp(ywl)ﬁsupp o 2 |771]’l¢1 (A) = mhy, (/\)}d)\
+ supp(y¢ 1 )Nsupp( Vlli |771]’lll]1 /\) 77//2]’11[12(/\)}[1)\

+ fsupp o )ﬁsupp |’71V1/71 (A) - Mmpy, ()‘)|d/\

) gy (A)dA (18)
(\)dA
(A)dA

= (n- WZ)fsupp(yq,l)ﬂsupp(m
+m fsuppwa)ﬂsupp(ﬂw i
+i2 fsuppw - )Nsupp(py, ) ) Hon (A

= (m—m fA §¢2|Bz A)pyg, (A)dA

111 5 Cpy 18, My (VAA + 112 [5 Cy 5, (Vb (A)dA

= 1- 2172CQ,

where the first three equalities are derived using preparation noncontextuality and Equation (11),
and the final equality is obtained by Equation (13). Therefore, the above inequality (17)
holds. [

Now, let us investigate the relationship between pXS, ({17;, Py, }2_,) and pmax({nl, PitE ).
It may be observed that within the region of 0 < ¢g < 1, a nonzero gap between

pNC ({1, 771/,, 1) and pgax({iyi, 1/11-}12:1) exists, as follows:

PG ({11, Py, }2)) < 1—1pacq < 3(1+ /T—car) = praax({m ¥i}2y), (19)

where the inequality holds because of Lemma 1 and the equality holds because of the
Helstrom bound of Equation (3). Therefore, in the case of discrimination of two pure
qubit states such as {7;, ¢;}7_;, the quantum contextual advantage, which means that
pRax ({171, Wi Y2 2_|) is higher than pNS, ({17;, Py, }2_,), exists regardless of nonzero prior prob-
abilities. The following theorem summarizes the result.

Theorem 1. For the MED of two pure qubit states {1 and (p with 0 < Tr(¢1¢p) < 1, the
quantum contextual advantage exists regardless of the nonzero prior probabilities of 1 and ;.

Let us now consider a situation discriminating two preparations 7, and P, given by
probabilities of 771 and 7, using measurement M with two outcomes k € {1,2}. When the
outcome k of M indicates the detection of P, the probability that the given preparation is
guessed correctly can be expressed as follows:

PR, Podiey) = Lt fa Gim (M pp (A)dA

20
= N Py ) + (1 - &) Ty [y Gy My (Wdn, 0

where the second equality holds using Equation (9). Let us denote the maximum of
PNC({n:, Pp, Y2_y) as pRS ({77, Po, }2, ). The following lemma provides an upper bound

for pie ({77i, Po; Yooy )
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Lemma 2. When pRS ({77, Po, }2_1) > 111, XSG ({77i, Po, }2—, ) has the following upper bound:

P ({111, Po, Y=1) < PNe 1)
where
PNC = 5+ § — 120Qe- (22)

Proof. Suppose that M is a measurement providing pRS, ({77;, Py, }2_, ). From Equation (20)
and Lemma 1, we can obtain the following inequality:

P ({1 PoYioy) < e(U—1c) + (1 =€) X2y i [5 Gma(Mug (A)dA

1 23)
= (1 —1mpecq) + 3(1—1n1€ —12€) = pne,

where the first equality is obtained by Equation (15). Therefore, we can see that Equation (21)
holds. O

We can see that pg defined in Equation (4) is higher than pyc defined in Equation (22),
that is, pq > pnc. In addition, it should be noted that when one guesses the given prepara-
tion as Py, without measurement, the success probability becomes the prior probability 77
and we can see that pS, ({17, Py, }2_, ) is higher than or equal to 771, i.e.,

P ({11, Po, Y1) = 1. (24)

When 7; is equal to or higher than pnc, pRSG ({77i, Po, }2,) becomes 777 due to Lemma 2
and Equation (24). Then, we can obtain the following relations:

p%gX({Ui, Ppi}zz:]) = 171/ lf r S NC/, (25)
pmax({ﬂir Ppi}zzzl) < pne < Po it r> NC/
where () (14e—2ec0)
—€ €—LEC
rne is the boundary between regions of 71 > pnc and 71 < pnc. We can easily see that
rNc is always higher than rq, i.e.,

rQ < I'nC- (27)

Now, let us analyze the property of the quantum contextual advantage in state dis-
crimination of two mixed qubit states, in terms of r. First, we can see that in the interval of
rq < r < 1,itholds that

Pﬁgx({ﬂir eri}iZ:1) < pglax({ni'pi}lz:l)r (28)

and the quantum contextual advantage occurs. However, we can observe that in the region
of 0 < r < rq, it holds that

P ({111 Po Y1) = PR {111, 0iY=1) = 11, (29)

and the quantum contextual advantage does not exist. This implies that in 0 < € < 1, the
quantum contextual advantage depends on nonzero prior probabilities of two mixed qubit
states. Figure 1 shows the behavior of pg and pnc in terms of r € (0,1) atcg = € = 0.8. In
the Figure 1, we can see that pq is lower than or equal to 771 for 0 < r < rq, but is higher
than 71 for rq < r < 1. Moreover, we can observe that pyc is lower than or equal to 7 for
0 < r < rne, but is higher than #; for e < 7 < 1. The following theorem summarizes
our results.
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Figure 1. Behavior of pg and pnc for cg = € = 0.8. pg(blue) is lower than or equal to 77 (black)
for 0 < r < rg, but is higher than #; for rq < r < 1. pnc(red) is lower than or equal to #; for
0 < r < rne, but is higher than 177 for rye <r < 1.

Theorem 2. For the MED of two mixed qubit states py and py given by Equation (1), the occurrence
of quantum contextuality depends on the nonzero prior probabilities of p1 and py.

4. Conclusions

In this work, we investigated quantum contextuality, a critical concept revealing
the nonclassicality of quantum mechanics. Noncontextuality was recently studied in
terms of state discrimination, which showed that quantum contextual advantage, which
a preparation-noncontextual model cannot achieve, exists in the MED of two pure qubit
states with identical prior probabilities. However, it should be emphasized that a recent
investigation tells us that the selection of prior probability could affect the quantum prop-
erties of the system. Therefore, it is necessary to check whether the quantum contextual
advantage depends on the prior probabilities of given states.

Therefore, in this study, we analyzed the dependence of the quantum contextual advan-
tage on the prior probabilities of given states by considering the MED of two pure(mixed)
quantum states with arbitrary prior probabilities. We found that the quantum contextual
advantage occurs regardless of nonzero prior probabilities in MED of two nonorthog-
onal pure qubit states. However, we observed that the quantum contextual advantage
depends on nonzero prior probabilities in MED of two nonorthogonal mixed qubit states.
It shows an interesting behavior of the quantum contextual advantage in the MED. There-
fore, it should be verified whether quantum contextual advantage exists in other state
discrimination types.
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