PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: May 1, 2019
REVISED: August 31, 2019
ACCEPTED: September 24, 2019
PUBLISHED: October 8, 2019

Stability of topology in interacting Weyl semi-metal
and topological dipole in holography

Geunho Song, Junchen Rong and Sang-Jin Sin

Department of Physics, Hanyang University,

222 Wangshimni-ro, Sungdong-gu, Seoul, 04763, South Korea
E-mail: sgh87740@gmail.com, junchenrong@gmail.com,
sangjin.sin@gmail.com

ABSTRACT: We discuss the stability of the topological invariant of the strongly interacting
Weyl semi-metal at finite temperature. We find that if the interactions and temperature
of the system are controlled by the holography, the topology is stable even in the case the
Fermi surface become fuzzy. We give an argument to show that although the self energy
changes the spectral function significantly to make the Fermi surface fuzzy, it cannot change
the singularity structure of the Berry phase, which leads to the stability of the topology. We
also find that depending on the mass term structure of the fermion Lagrangian, topological
dipoles can be created.
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1 Introduction

Topological matter [1-5] is a new quantum state of matter that has a promising application
for quantum computations [6, 7] and there has been a flurry of activities in last 10 years.
It is topological since the Hilbert space has a non-trivial topological structure and the
key is a non-trivial edge state associated with it. It started with materials with negligible
interaction, but recently the importance of its existence in the presence of strong interaction
and finite temperature is getting much attention [4, 8-12]. The basic question is whether
the topological structure, which has been discovered in the non-interacting case, can survive
when one turns on the interaction or other deformations of the system like temperature
or pressure. One can also ask whether a new topological structure which was absent in
the weakly interacting case can arise due to the strong interaction. The purpose of this
paper is to answer both of the question affirmatively. We will show that the topological
structure for Weyl semi-metal is robust even in the case when the spectral function shows
that the line width is broaden and band structure is fuzzy. Also we will describe a model



with topological dipoles, where Weyl points are separated by only a small distance in
momentum space. We will see that such objects are not so stable in the sense that they
can disappear as temperature goes up high enough.

The general definition of the topological invariant for interacting system is already
defined in terms of the full Green’s function in [2, 9, 10]. However, it can not be very useful
unless one can actually calculate the full Green function, which is beyond the perturbative
field theory. Here we utilize the holographic setup to calculate the Green functions and use
the result to construct the effective Hamiltonian, which in turn allows us to calculate the
winding number of the Weyl points. Previously the Weyl semi-metal in holographic set up
was discussed in [13], and topological invariant was proved to be well define in the limit of
zero temperature and small fermion mass. Here we extend it to the finite temperature and
finite mass, where spectral function becomes fuzzy due to the large imaginary part of self
energy which gives the line broadening.

In section 2, we will set up the problem by reviewing the Weyl semi-metal in quantum
field theory and the holographic version of Weyl semi-metal. We will also give spectral func-
tion at finite temperature. In section 3, we examine the stability of topological invariant.
In section 4. We define and study a model for topological dipole.

2  Weyl semi-metal in QFT and holography

2.1 Weyl semi-metal in quantum field theory of 3+1 dimension

Here we briefly review a quantum field theoretical (QFT) model for Weyl semi-metal
(WSM). WSM has the separate band crossing points in momentum space which can be
achieved by breaking time-reversal symmetry of Dirac semi-metal. Consider the fermion
action in (3+1) dimensional Minkowski space-time with axial vector interaction [14, 15]:

S = /d‘*xxifi(a— gA — M —iB,y°+")¥ (2.1)

where A = pdt with the chemial potential 4. Expanding ¥ in momentum basis e /@K%y,
the equation of motion is given by

(iK' — M —iB,y"y) 1 =0 (2.2)

-

where K = (w+qpu, k), and index v is not summed in (2.2), that is, B, is just coefficient of
~¥. For simplicity, we choose the configuration with only B, non-zero. Then the dispersion
relations has four branches given by

B, : w—w+qu—i\/Bzz—i—/%’?—i—M?:FQ\/BZ?(kz—i—M?), (2.3)

For |B.| > M, the band crossing happens at (kz, ky, k.) = (0,0, £/ B.? — M?) and the
spectrum is gapless. The seperation between the crossing points is 2Beg = 21/B2 — M2.
See figure 1.

On the other hand, for |B,| < M, a gap opens and its size is given by 2A = 2(M — B,).
Figure 2 shows the top-view of the fermion spectrum with sections of Dirac cones which
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Figure 1. (a)-(d): the band structure depends on B,/M. The figure is in (k.,&)-space at k, =
0,ky, = 0 slice. Here & = w + qpu.
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Figure 2. (a)-(c): the different @ slices of the band structure at k,=0 with (B,, M) = (3,1). The
radius of circle decreases as w apparoches to 0. This result is the same for £, = 0 plane.

has the centers at the band crossing point of spectrum and it shrinks as we approach to
@ = 0, which implies the spectrum forms cone-structure near the band crossing points.

2.2 Holographic Fermions and their spectral function

To reproduce the above band structure of Weyl-semi metal in the holographic set up, we
use a model which was first introduced in [13]

S =51+ 52+ Sint (2.4)
Sl = /dBJ?\/ —gi\fll(F“Da — mf — iAaFa)\Ill,
Sy = / d°x\/=giW2(TD, + my + i A, T*) Vs,

Sint = /d51'\/ —g(inl‘b\ifqug -+ inT(I)*\I/Q\Ill),

where Dy = O + %w@MF@ is the covariant derivative and wgpps is the bulk spin con-
nection, I'% = %[FE, I'Y). A, is a gauge field with zero bulk mass and ® is a scalar with
m2 = —3, breaking the time reversal symmetry(TRS) and chiral symmetry respectively.
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Figure 3. (a)-(b): profiles for A, and ® where we fix b =8 and T' = 2/7. We use M =0, 3.3, 5.5,
7.5, 9.7 for flat-dashed, blue, green, yellow, red (from top to bottom in (a) and from bottom to top

in (b)).

M denotes bulk spacetime indices and a,b denote bulk tangent space ones. In ref. [13],
zero temperature analysis was done. Here we will consider the finite temperature case. For
this purpose, we take the Schwarzschild-AdSs background (2.5).

1 2
ds* = —r2f(r)dt* + 20 dr® + %dmz
1 4
1) = (1 - °> (2:5)

where L is AdS5 radius and r( is the radius of the black hole which defines the temperature
of boundary theory, where T' = f’(rq) /41 = ro/7L%. For A, and ®, we have the equations
of motion [12] as follows:

,, 3 ! . 202 B
" 5 '\ ., A% mZ B
¢)+<T+f><b—<T4f+73;};>_o (2.7)

We can introduce the parameter b and M as a boundary condition for the fields A, and ®
which satisfy (2.6)
lim A,(r) =0, hﬁm r®(r) =M (2.8)

r—00
The specified parameter (b, M) at the boundary can be reached by choosing proper horizon
values of A, and ®, whose profles are shown in figure 3 (a) and (b) respectively.
We use the convention of I'-matrices for fermion action as follows:

0 ~* ; 0 4 . 10 i i
Ft:<,yt O)? FZ(_ry% 0)7 FEF5:<0_1>7 (7t77)zz(1270) (29)

where I'M = eg/[ I'? and egf is the inverse vielbein. Taking 71 = 1, the equations of motions
are given by

(PaDa —myg — iAZPZ)\Ill — (I)\I’Q =0

(I'*Dg +myg +iAT%) Wy — Wy =0 (2.10)



Expanding ¥; in Fourier space,
Uy = (—gg™") e, (2.11)
with [ = 1, 2, the equations of motion for fermions become

(y/g’”’”l“ﬁar + /g TE(—iw) + i/ g (k TE + by TY + (ky F A,)TZ) + (—1)lmf> P — P31 =0

(2.12)

where we fixed L = 1. Near the boundary r — oo, the spinors behave as
Q]b{ = (A% rmf7A% rmf7Aé r*mf’Aél1 T*mf) +, (2.13)
wg = (A% T_mf, A%r_mf7A§ rmf’A?l rm.f) 4. (2'14)

We have 8 variables of two first order dirac equations so that 8 “initial” conditions are
required for radial evolution. Eliminating outgoing conditions at the horizon, the degrees
of freedom are reduced to half. We choose four different initial conditions at the horizon
and solve the equations to get near boundary values, which determines the retarded Green
functions. We denote each initial conditions as I, II, ITI, IV respectively. We can construct
the source and expectation matrices as follows:

A%,I A%,H A%,IH A%,IV _A%I _A%II _A%HI _A%,IV
A%’I Aé’H Aé,[U A%,IV _Ag,l _Ag,ll _Ag,nl —A%’W
A= AZT A2IT 42011 21V | D= ALT qLIT 4LIIT LIV (2.15)
3 43 3 3 3 3 3 3
21 42,11 42011 42V 1,1 1,11 1,111 1,1V
Ay AP A Ay Ay Ay Ay Ay

The Green function can be obtained by Gr = i[*DA~!. See appendix for more details.
The spectral function is defined as the trace of the imaginary part of the retarded Green
function:

A(w, k) = Tr (Im [QR(w, E)D : (2.16)

Figure 4 shows the spectral density for this model. For b, > M, band crossing exists and
the distance between the two Weyl points becomes shorter as M increases, and finally gap
is open when M > M,.. Notice that M. ~ b, in holography, which is similar to the QFT
result apart from the line broadening due to the interaction and temperature effects. See
figure 4 and 5. However, we emphasize that the critical value of M /b for the given b is
not exactly the same as 1. The figure 6 shows the difference.

3 Stability of topology

3.1 Topological invariants from Green function

We study topology of holographic Weyl semi-metal (WSM) model using the topological
Hamiltonian [16, 17]

H, = —Gpt(w=0,k), (3.1)
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(a) (b,M) = (8,0). (b) (b, M) = (8,3.3). (c) (b, M) = (8,7.5). (d) (b, M) = (8,9.7).
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Figure 4. (a)-(d): spectral densities on (k,,w)-space with k; = k, = 0 at T' = 2/m. Separation
between the Weyl points is approximately 2v/b% — M?2.

(a) T = 2/x. (b) T = 10/. (c) T = 20/.

Figure 5. (a)-(c): as temperature increases, spectrum broadens. Color code denotes the spectral
height. We used k, =k, = 0 and (b, M) = (8,3.3).

Figure 6. Phase diagram in (b, M) space. We used T' = 2/x. Unlike the field theory, M./b =1
holds only approximately. Dashed line is for b = M.
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Figure 7. (a) Spectral function without scalar interaction. We used (b, M) = (8,0) and T' = 2/.
ke = ky = 0 fixed. (b),(c): Berry curvatures near k, = —8 and 8 at the plane (k, = —0.2 , w =0),
where topological numbers are still 1 and -1 respectively.

which contains all the effects of interaction and temperature. We can get eigenvectors from
this topological hamiltonian so that we can define Berry connection,

A = iZ<nk,j|3k|nkj> (3.2)

where nj_ are eigenvectors for H; in momentum space and j runs over all occupied bands.

The Berry phase v is defined by [18]

w=§5Ak-dk=/ﬂk-ds (3.3)
C S

where S is a 2-dimensional surface whose boundary is C, a closed loop, and ; =
€ijl (ijAki — 81%./4;9].). Since the momentum space is 3-dimensional, we could take an-
other surface S’ such that its boundary is also C. Then the ambiguity free condition on
the choice of the surface S gives the condition that

1
cz—# Qk-dS:// V-V x Ak (3.4)
21 Jls-s B

is an interger, a topological invariant known as Chern number. Here B is a ball whose
boundary is the closed surface S — S'.

In figure 7(a), for example, if we take a closed surface surrounding a crossing point,
then we get C = 1 for the Weyl point at k, = —8 and C = —1 for the one at k, = 8.
Similarly, we get the Chern numbers for (b,, M) = (8,5.5) of figure 8. As you can see in
figure 4, the band crossing disappears when b, < M, which is similar to QFT case. In the
next subsection, we will try to understand what we found here in more analytic terms.

3.2 Stability of topology in the presence of temperature and interaction

Figures 7(a) and 8(a) show that the band crossings and fuzziness in spectral lines simulta-
neously so that it is not clear whether there is a Weyl point with well defined topological
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Figure 8. (a) Spectral function with scalar interaction. We used (b, M) = (8,5.5) and T = 2/m.
ky = ky = w = 0. (b),(c): Berry curvatures near k, = —7.26 and 7.26 at the plane (k, = —0.2,
w = 0), where topological numbers are still 1 and -1 respectively.

number. Nevertheless, figures 7(b)(c) and 8(b)(c) show that there is an integer winding
number for such fuzzy crossing. To understand such numerical result found in the last
subsection, we first notice that the topological number of Weyl point depends only on the
local singularity structure of the Berry phase, because in eq. (3.4), V-V x Ay is zero unless
it is a delta function whose support is inside the ball B. Therefore we only need to look
at small neighborhood of the Weyl point, where only two bands are crossing. Therefore
for the purpose of the topological number, we only need to look at 2 x 2 matrix which
describes one of the crossing point. This is equivalent to neglecting the highest or lowest
branches in figure 1(b). Any 2 x 2 matrix can be expanded in the following form

—

Hoxo = b(k) - & + X1a, (3.5)
where ¥ = Y/ +i¥" is the self-energy. There are a few comments.

i) If 3 were not the coefficient of the 1 matrix, it would be a part of the momentum
shift not energy shift and it would not be called as self-energy.

ii) The matrix becomes non-Hermitian due to the presence of the ¥”. It is well known
that such non-hermicity is the result of the manybody interaction encoded in the
1-particle effective Hamiltonian: X" is the sum of probabilities of the state of w = 0
to go into all other states.

iii) Near a crossing point, 5(]4:) ~ U(E — EO) and kg is real. Equivalently, the matrix is
non-Hermitian only by the presence of the self energy term.

¥" is what makes the spectral function and the ARPES data fuzzy. Below we can easily
demonstrate the details why such fuzzy Fermi surface can still give well defined winding
number. For simplicity, let v = 1 and the Weyl point be at the origin so that Eo = 0. The
solution of eigenvalue problem H|n;) = E|ny) are given by
Inl) = (—ka +ﬁz'k:yﬁ, k| + kz)’ In2) = (|%| +ffm +iky) (3.6)
2|k|(|K] + k=) 2|k|(|k] + k=)




Berry potential given by eq. (3.2) defines the vector potential of a magnetic monopole
sitting at k = 0 whose field strength is given by Fis = k,/2k3 whose integral over a small
sphere Sy around the k£ = 0 is 27, so that the chern number C' = fSo % = +1.

The key observation is that there is no ¥ dependence in the expression of eigenvectors
in eq. (3.6). Therefore although the self energy term can make the Fermi surface fuzzy, it
can not change the structure of Berry potential and hence can not change the topological
structure.

One may want to consider the full 4 x 4 matrix directly instead of looking at the
crossing point, which reduced the effective Hamiltonian to 2 x 2 matrix. The cost is rather
expensive: the calculation is long so that even the result for the Berry potential takes a
few pages to write. Nevertheless we can discuss some essence of the topological structure.
We describe it in the appendix C.

4 Topological dipole in a holographic theory

In this section we consider a slightly modified model where some unusual but interesting
phenomena happen.

4.1 Spectral functions and multiple band crossing

We start from the topological dipole model,

&:é/d%%ﬂ%aMbM—m—MJ%ﬁ%

M

&:i/¢ﬁmﬁmmaMDM+m—u@ﬁPﬂ@
M

St = i /M B/ =g~ B + Batn) (4.1)

where Sj¢ is the scalar interaction with ¢ ~ M/r near boundary. We take different
sign for scalar interaction ¢ to make the term invariant under the parity transformation
(k — —k) [19].

The equations of motion are given by

(P—m—&—iA. T =0
(B+m+®—iA, T )y =0 (4.2)

We can decompose the bulk fermion field into two component spionors ¥ and 17—, which
are eigenvectors of I'™ with I = 1,2 so that I'™¢);4+ = £);4. Let

Ure(r,e) = (—gg"") A Gu(r k), re = <y1i> (4.3)



Using (4.3), the equations of motion for bulk fermion fields ), are given by

%?/,H(T) = (m+ @)y/Giiy1+(r) + (uy — k2)yn-(r) — (ke —iky)z1-(r) =0
%Zﬁ(r) — (m+ @)/giiz14(r) — (ke +iky)y1—(r) + (u— + k2)21-(r) = 0
%yi—(r) + (m+ ®)V/giiy1—(r) — (us + k)y14(r) — (ke — iky)z14(r) =0
Gii

A () + (mA @) y/Gaz- (1) = (ke ik )y (r) = (um = k)24 (r) =0 (44)

s
e
3

where u+ = w + A,. One can get the equations of motion for ¥ by m,® — —m, —®,
which changes the chirality. At the boundary region (r — o0), the geometry becomes
asymptotically AdSs, so that egs. (4.4) have asymptotic solution as

y1+(r) = Anr™ + Bur™™ T, y1-(r) = Co1r™ " + D1yr™

214(r) = Apor™ + Byar™ ™1 z1-(r) = Coor™ 1 + Dyor™™ (4.5)
yo—(r) = Ao1r™ + Boir ; Yoi (1) = Cor™ 4 Doyr

29 (1) = Agor™ + Boor ™71, 2o4 (1) = Coor™ L 4 Door™™ (4.6)

Here, we have two independent sets of equations. Each set needs four initial conditions, but
as in WSM, we can fix half of them by choosing infalling condition at the horizon. Hence,
it is required that we choose two independent initial conditions so that we can obtain two
corresponding sets of source and expectation values to compute Greens function for each
1. By denoting each initial conditions as (1), (2) respectively, we can construct the source
and expectation matrices as 2 x 2 matrices.

A AR DYy DY
Ar=| ) @ DPr=| 0 »@ (4.7)
AIQ AI2 DIZ DIQ

The retarded Green function is defined by gﬁ =iy'D IAI_1 =-D IAl_l. However, since we
know that each set of Greens function is independent, so we can construct Greens function
matrices as 4 x 4 block diagonalized matrices which is given by

rR_ (G 0
G‘(o—gf)

where the — sign in front of G£¥ represents the alternative quantization [20].

Comparing these spectral functions with holographic WSM case, one can see from
figure 9 that the outermost part of the spectrum evolves similarly to that of WSM case. As
M increases, the separation between outermost band-crossing points decreases and, after
M > M. = 4.3, a gap opens and its size gets larger. However, there are crucial difference
is that here we have multiple band-crossings. Each band forms cone-like structure.

As we increase the temperature, the spectrum goes fuzzy and the distance between
adjacent spectra also increases with the position of the outermost part of spectrum fixed,
which implies the number of crossing points near w = 0 decreases. See figure 10.

~10 -
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Figure 9. (a)-(d): band structure in (k,,w) with k, = k, = 0 of model in eq. (4.1). We used

T = 2/7. Notice that at the critical point (c), it is not reduced to a Dirac point but to a higher
Lifshitz point.

=3 u] 3 =5 a g =5 u] g
K, ks ke

(a) T = 2/n. (b) T =10/x. (c) T =20/x.

Figure 10. (a)-(c): temperature effect on the spectral function when (b, M) = (8,5.5) on (k,,w)-
space with k, = &k, = 0.

4.2 Topological dipoles

We can also calculate the topological invariants of crossing points for this model. In this
case, we have multiple crossing points unlike WSM, therefore we calculate Berry phase at
each crossing points. For k < 0, net topological invariants near the band crossing point
are -1 while those for £ > 0 are 1. However, except for the outermost band crossing
points, each poles of Berry curvature comes with its conjugate pair with opposite sign to
make dipoles. See figure 11. Notice that as we increase the temperature, the inner band-
crossing points disappear (figure 10). Since they depend on temperature sharply, we may
consider that they are not stable. This is not surprising since two topological charges are
so closely separated in momentum space, it is expected to be unstable for relatively small
perturbations. From the Schrédinger potential picture, each band is induced by a confining
well structure and disappearance in temperature means that the potential well is eaten by
the black hole horizon as temperature increases. Notice that the leftmost crossing point
has topological charge of (—1,2) with small separation: it is a combination of the Weyl
point having topological charge +1 and small separated dipole charges (-1,1).

- 11 -
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Figure 11. (a) Spectral function with k, = 0,k, = 0. Colored boxes are the regions where we
draw Berry curvatures at Fermi level in (b) and (c¢) with (b, M) = (8,5.5) and T' = 2/m. Each
numbers in (b) and (c) represents winding number computed from Berry curvatures. As we can see
from figure 10, this dipole structure can disappear when temperature goes up.

To explain this better, we draw the contribution of 1/, and 1, separately. For GI¥, there
are 4 band crossing points. The rightmost one is the Weyl point with topological charge
-1 and other three crossing points are dipoles with small separated -1 and +1 from left to
right. Similarly for G£, there are 4 band crossing points and the leftmost one is the Weyl
point with topological charge +1 and other three crossing points are dipoles with small
separated -1 and +1 from left to right. Now combining these two, the position of dipole’s
+1 charge happens to coincide with that of the Weyl point with charge +1.

Similar story goes on for the rightmost band crossing with opposite monople charge
and the same dipole charge.

Why dipole should come in this model? We can understand it as follows. Two fermions
11, Y9 are not mixing directly. So if one fermion has total Weyl charge +1, the other one
has -1. Now if we draw spectral function for v, the shape has multiple crossings. Each
crossing point has well defined topological charge. Now, the right-most crossing has -1
and unpaired, therefore all other 3 crossing points should come as a pair with topological
charge (+1,-1) not to change the total charge —1. Similarly for 19, the left-most crossing
has +1 and unpaired, therefore every other ones should come as pairs. This is the reason
why dipole should appear. Notice that if we sum two spectral function, then the total
charge is summed to be 0. See figure 11.

5 Discussion

In this paper, we discussed the stability of the topological invariant of the interacting Weyl
semi-metal at finite temperature and finite fermion mass. We utilize the holographic setup
to calculate the Green’s functions and use the result to construct the effective Hamiltonian,
which allows us to calculate the winding number of the Weyl points. We found that the
topological winding number is stable even in the case where spectral function is fuzzy. The
winding number turns out to be integer as far as there is band crossing at the Fermi level.
Here we summarize the arguments why that is so: the topological number’s integrand is
ddApBerry which is zero or delta function by Bianchi identity so that we only need to look at

- 12 —



neighborhood of the Weyl point, where only two bands are crossing. Therefore it is enough
to consider 2x2 matrix only. The interaction can change the spectral function to make
it fuzzy by creating X" but the latter is a coefficient of 19 so that it can not modify the
Eigenvectors which are the building blocks of the Berry potential determining the winding
number. The formula of winding number is nothing but the reading machine of coefficient
of that singularity, which can not be changed by smooth deformation of the theory by the
interaction or temperature.

One subtle point at this moment is whether the interaction can develop the imaginary
part of b in eq. (3.5). We numerically checked that the expression is still b ~ (k—kq) near the
crossing point. In fact, if there is a tiny imaginary part in kg, one can show that topological
number is zero. If a weak interaction or small temperature can induce imaginary part in k,
it is equivalent to saying that topology is unstable for small deformation, which does not
make sense. So we believe that the reality of kg is protected by a discrete symmetry. It is
equivalent to say that effective Hamiltonian can be non-Hermitian only by the presence of
imaginary self-energy term which is diagonal. In fact, there is no reason why interaction
can generate arbitrary non-hermitian structure in the effective Hamiltonian. We want to
comeback to the analysis of various discrete symmetry in the future.

We also defined a model where Weyl points are separated only by a small distance.
We call it Topological Dipoles and study its topological invariant.

It would be very interesting to generalize this work to the case with more general type
of interaction and also to Dirac materials in 241 dimension having other type singularities.
For example, for the line node cases, multiple band crossings can define a new type of
topological invariant [21]. New type of topological matter called “Fragile Topology” [22—
24] is also interesting possibility. We hope we comeback to these issues in future works.
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A Effective Schrodinger potential

We can define the effective bulk potential to analyze the role of scalar interaction for Dirac
fermion in the bulk.

Sp = /d%\/jg@/_J(FMDM —m — @)Y + Spa (A.1)
Here, we use the pure AdS background which is given by
ds* = —r?dt® + ij + r?di? (A.2)
The Dirac equation in Fourier space is given by

FT" ) + ;r e+ 27 — (m + @) = 0 (A3)
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Figure 12. Schematic Schroedinger potential: (a) Comparison between M /r and M /r®. The
coordinate used is z = 1/r. (b) Temperature evolution of the effective potential in the bulk.
Dashed lines are the event horizons at each temperature which moves in as T increases, and the
potential changes from purple to red accordingly.

We can decompose the bulk fermion field into two component spionors ¢4 and _, which
correspond to eigenvectors of I'Z. That is, "¢y = ¢4 and T = (¢, ¢_).
Then, equation (A.3) becomes coupled equations for 1)1

Yo = = Alem =), = T Alm, )iy (A.4)
where k2 = k2 — w? and
A(m,¢) =r(ror +2—m — ¢) (A.5)
from which we obtain [25]
Ky = A(=m, —¢) A(m, ¢)¢y. (A.6)

Changing the coordinate r = 1/z, we substitute 1), = ry to the equation (A.5). Then,
we can get the Schrodinger form of the Dirac equation:

—W + Veff(*’:)wn = Ew

V(z) = oz) + 0D (A7)

22
We can extend the analysis to the finite temperature case, which has the Schwarzschild-
AdSs5 background. We will not show the details of calculation for this since it is very
complicated. We just show the effective bulk potential schematically for finite temperature
case in figure 12. As the temperature increases, the radius of black hole horizon increases
so that the effective potential cannot form steep wall near the horizon. Hence, there cannot
be a bound state, which gives a band structure.

But, we cannot apply this analysis to our model because we have the momentum
transfer in spectral densities and it might not be possible to construct the Schrodinger form
of equations of motion. Even if it is possible to construct, we need to encode the momentum
dependence on the effective potential, which should be done for each fixed momentum.
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For the simple scalar interaction, there’s no momentum dependence, it is enough to
calculate the case of k = 0. Since r corresponds to energy scale and k¥ = 0 means small
energy scale so that the contribution of Vi(r) at r ~ 0 is significant. On the other hands,
for our model, which does have momentum dependence, the k dependence of the effective
potential is significant. Hence the behavior of Vj(r) at the finite r is important.

B Holographic Greens function

We start from the simple probe fermion model,
Spulk = /M d°xy/=gity (TY'Dar —m)) ¢ (B.1)

However, the action (B.1) is not sufficient and the boundary term is required to guarantee
that the variational principle is well-defined. We will discuss later. The equations of motion
are given by

(' —m)y =0 (B.2)

Taking decomposition of the bulk fermion field into two component spinors ¥ and ¥_
previous section, we now expand the bulk-spinors in Fourier-space as following:

Q;Z)i (T’ 33) = (7ggrr)—1/4eikuz“¢i (Ta k)a . (B3)

Setting ¢1 = (y+, z+), the egs. of motion for bulk fermions are given by

Ji 1 (r) = m/Gays (r) + (@ — k)y—(r) — (ks — iky)z—(r) =0

grr

ggfi () = my/Gizr (r) = (ke + ik )y—(r) + (@ + k2)z—(r) =0 (B.4)
and ggrry () + ma/Giy—(r) — (@ + k2)ys (r) — (kg — iky)z (r) = 0

o

gTi ~(r) +my/giiz—(r) = (ke + iky)y4 (r) — (w0 — k)2 (r) =0, (B.5)

using (B.3). Near the boundary (r — o), the geometry becomes asymptotically AdSs
spacetime, so that the equations of motion (B.5) have asymptotic behaviors as

y+(7)

Ayr™ 4 Byr™m L y_(r) =Cyr™ L 4 D™
2y (r) = Agr™ + Bor~ ™71, z

_(r) = Cor™ ! 4 Dor™™ (B.6)

Back to the boundary term, we take the variation to the bulk action (B.1),

5 Sput = /8 N Aoy Ty (60 + PG — 60y — G460) + bulk part  (B.7)

where h = gg"" and bulk part vanishes when the Dirac equations holds [20].
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Since the Dirac equation is the first order differential equation, we cannot fix both 1
and ¥_ on the boundary simultaneously. Therefore we need the additional boundary to
give well-difined variational principle:

Sbay = £+ / day/~hjp = £ / d ey =h(p_y + i) (B.8)
2 Jom 2 Jom

The sign can be determined such that we take positive(negative) sign when we fix the value
of 91 (1_) at the boundary, where dSpqy cancels all the terms including dv— (d1)4) in 6Sp.
And this defines the standard(alternative) quantization. By using (B.6), the boundary
action in (B.8) becomes

dey ~y_zo+yyze = (A1Dy + AaDg) + EiEiTimn*l + E2T72, (B.9)

It seems that Spqy blows up at the boundary when m > 1/2, but, it can be cancelled by
introducing proper counter terms [26], which do not have finite terms at the boundary.
As we mentioned above, if we choose the standard quantization, we should fix ¥ at the
boundary so that A; are the sources and D; are the expectation values. From now on, we
will hold to this quantization rule. Therefore, if variables with — index and those with +
in equations are not mixed such as k, = k; = 0, the retarded Green’s function is given by

D, D,
G = di < ) = diag(G4,G_ B.10
ag | =4, iag(G,G-) (B.10)

In this paper, however, we should consider all (w, E) space so that the variables in equations
cannot be decoupled. Hence, we need to define the Green function in another way. We
have 4 variables and each needs 1 initial condition, hence 4 initial conditions are required.
By choosing infalling functions at the horizon, we can relates ¢y, to y_ and z4 to z_, which
means there are only two dimensional space of initial condition. These are the pair of
coefficients of infalling wave functions of yy, z,: denote them (9 12 Jr) Two independent
basis vector of this space can be chosen as (1,1) and (1,—1). Let’s call them €] and é3
respectively. For each i, ¢; determines their counterpart at the horizon (i.e 4%, 2%) and one
can integrate the equations of motion from the horizon to the boundary. Then, for each
initial conditions €;, i = 1,2, we get near-boundary solution

g — AW 4 gyt Y = ¢yt 4 i)y =m
O AP B0t O gt P ()

Since the choice of coefficients is arbitary, the general boundary solutions should be a linear
( (2)

combnination of the such solution with some coefficients. For example, y+ = c1y +) +coyy
For the general boundary solutions, its coefficients X,, where X = A, B, C, D are given by
Xo=>,Xa )cl The matrix X is defined by the components X( ) where a,t = 1,2 are the

row index and columb index respectively. We can solve for ¢;: by definition, ¢ = A4 for
X = A. Green function can be derived from the relation between D and A:

D=SA=DA'A = Gpr=i'S=-DA"! (B.12)
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C Topology in 4 by 4 Hamiltonian model for WSM

First let’s assume following form of the effective Hamiltonian:

bi(k) & + 1, m1s )

- C.1

H= —gél((), E) = (
where b1 (k) ~ v(k — ko) near the right Weyl point and by(k) ~ —v(k + ko) near the left
Weyl point. In fact, if we start from (2.4), the effective hamiltonian eq. (3.1) numerically
calculated always takes above form. There are a few steps to prove that the presence of
topological number.

— —

1. For small m and near kg, taking the expansion in m gives us B = V x A(k) =
%ﬁ + O(m?) with p =k — kq.
2. V- B =0 off the Weyl point by the Bianchi identity,.

3. From 1 and 2, V- B = 278(k — ko). Therefore C' = = fSo B - dS is non-zero integer
or zero depending on whether Sy contains Weyl point kg or not.

4. The topological number C is independent of m, therefore we can set m = 0 for the
purpose of calculating the Chern number. For m = 0, we only need to handle 2 x 2
matrix, which was already done above.

One can prove that topological structure is intact as far as kg is real. The fact that
ko does not get imaginary part is due to the discrete symmetry P (parity) and T(Time
reversal). Even in the case where the Fermi sea disappears due to the interaction, such
crossing point is located exactly at the w = 0 by T symmetry. When kg gets imaginary
numbers, the monopole singularity is smoothed out in the real domain and the chern
number becomes 0. This is expected because the topology of a manifold and the singularity
of the harmonic function defined on it is equivalent and because the singularity of the
monopole field ~ 1/k? is resolved.

Note that the figure 4 is for finite temperature. The position of the Weyl point is not
changed compared with the Minkowski space, the non-interacting case, but there is finite
line broadening. Figures 7 and 8 are the spectral functions at different temperature and
for different fermion mass M, where one can see that the topological number is the same
integer value in spite of very different broadening widths. Increasing temperature makes
the spectral lines even fuzzier leaving the topological invariant still fixed.

Therefore the topological structure is very stable under the variation of temperature
and interactions in holographic theory. The argument here can be generalized to other
class of topological matter although we focus here on Weyl semi-metal Hamiltonian.

In appexdix C, we consider more general cases where mls is replaced by mls 4+ ¢+ &
and classify the cases where Weyl points exist.

Now, what if the off-diagonal interaction is added to the Hy so that the effective

Hamiltonian becomes
. 1 S
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(a) (k07Q17Q2)Z= (2,1,2). (b) (k07q1,q3)1 =(2,1,2).

Figure 13. Dispersion curve for m =0 (a) g1,q2 # 0, (b) ¢1,93 # 0.

where ¢ = (q1,q2,q3). For Weyl points, Eigenvalues should vanish only at two distinct

points with k, = k, = 0. It is difficult to get explicit form of Eigenvalues of H in general.

Therefore we classify the cases and study one by one.

Cl m=0

e g3 =0.

When g3 = 0 and q1, g2 # 0, the dispersion relation is given by
(w—k)? =k +¢i + a5 (C.3)

which implies that two Weyl points always exist at (kg ky,k,) =
(0,0, £v/k3 + ¢7 + ¢3). See figure 13(a).

g3 # 0 and q1g2 = 0.
When g9 = 0, the dispersion relation is given by

WP =R R+ £ 2 R20 + a) + K3 (C.4)

In this case, there is no Weyl point and this hamiltonian is gapped. See figure 13(b).
This result is symmetric for ¢; and g2. One should notice that only when g1 = g2 =0
one can have Weyl point in the presence of ¢3.

g3 # 0 and ¢ = g2 = 0, the dispersion relation becomes

wz:t(k:ozt\/kgjtqg). (C.5)

In this case, the system has two Weyl points if kg > g3, or gapful if kg < gs.

C2 m#0

When both m and g3 are non-zero we can not get analytic expression for the dispersion

curve unless ¢ = ¢ = 0.
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k, k;
(a) (m,ko,q1,q2) = (1,2,1,2). (b) (m, ko,q3) = (2,5,3).

Figure 14. Dispersion curve for m > 0. (a) q1,¢2 # 0 and (b) ¢1,¢2 = 0.

° q3=0.

When g3 = 0, the dispersion curve is given by

w—i(\/kg—l—in\/kS—i—q%—i-q%) (C.6)

which implies that Weyl points exist at k2 = kg —m?+ ¢+ ¢ if k% +q? + g2 > m? holds
and gapful otherwise. See figure 14(a)

® g37#0and ¢ = ¢ =0.

When ¢; = ¢2 = 0, the dispersion curve is given by
(w—ko)? = k2 + (m % q3)? (C.7)

In this case, we have 4 roots for w = 0 and as you can see from dispersion curve, the Weyl
points are lifted due to the shift of w by kg. See figure 14(b). If both m and g3 are non-zero,
we could get analytic expression for the dispersion curve only when q; = go = 0. Therefore
we leave it future work for such case.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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