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1. Introduction

In 1940, Ulam [32] raised a question concerning the stability of homomorphisms: Given a group
G, a metric group G, with the metric d(-, -), and a nonnegative real number €, does there exista 6 > 0
such that if a mapping f : G| — G, satisfies the inequality

d(f(xy), f)f() <6

for all x,y € G, then there exists a homomorphism F : G; — G, with

d(f(x), F(x)) <€

for all x € G;? As mentioned above, when this problem has a solution, we say that the homomorphisms
from G, to G, are stable.

In 1941, Hyers [12] gave a partial solution of Ulam’s problem for the case of approximately additive
mappings f : X — Y, where X and Y are Banach spaces and f satisfies Hyers inequality

Ifx+y) = f) - fOWll<e
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for all X,y € X. The limit
2"x

n—oo 2”

exists for all x € X and the mapping A : X — Y is a unique additive mapping which satisfies

If(x) - Al < &

for all x € X.

The outcome declared that the Cauchy functional equation is stable for any pair of Banach space.
The technique which was providing through Hyers, forming the additive function A(x), is called direct
method. This is called as Ulam stability for the Cauchy additive functional equation. We refer the
interested readers for more information on such problems to the articles [6,9, 11, 13, 15, 16, 18, 26, 33].

Hyers’ result was generalized by Aoki [1] for additive mappings and Rassias [25] for linear
mappings by considering the stability problem with unbounded Cauchy differences. Furthermore, in
1994, a generalization of Rassias’ theorem was obtained by Gavruta [10] by replacing the bound
€ (||x]|” + ||¥l|”) by a general control function ¢(x, y).

In 2008, Mihet and Radu [19] applied fixed point alternative method to prove the stability theorems
of the Cauchy functional equation:

fax+y) - f)-f»=0

in random normed spaces. In 2008, Najati and Moghimi [22] obtained a stability of the functional
equation deriving from quadratic and additive function:

JQx+y) + fQx=y) +2f(x) = flx+y) = f(x = y) = 2f(2x) = 0 (1.1)

by using the direct method. After that, Jin and Lee [14] proved the stability of the above mentioned
functional equation in random normed spaces.

In 2011, Saadati er al. [24] proved the nonlinear stability of the quartic functional equation of the
form

16f(x+4y) + fAx—y) = 306 [9f(x+ §)+f(x+2y)] +136f(x— )
_1394f(x + y) + 425 £(y) — 1530 £(x)

in the setting of random normed spaces. Furthermore, the interdisciplinary relation among the theory
of random spaces, the theory of non-Archimedean spaces, the fixed point theory, the theory of
intuitionistic spaces and the theory of functional equations were also presented. Azadi Kenary [4]
investigated the Ulam stability of the following nonlinear function equation

FUQ) = fON+ )+ f() = flx+y) + flx =),

in random normed spaces. Recently, the stability problems of several functional equations in various
spaces such as random normed spaces, intuitionistic random normed spaces, quasi-Banach spaces,
fuzzy normed spaces have been extensively investigated by a number of mathematicians such as Azadi
Kenary [2, 3], Chang et al. [5], Eshaghi Gordji et al. [7, 8], Mihet et al. [20], Saadati et al. [21, 27, 28]
and Tamilvanan et al. [23, 31].
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In this paper, we introduce a new mixed type quadratic-additive functional equation of the form

¢[ Z asa] + Z gb[—asa + i bsb) = (m-3) Z ¢ (as, + bsy) (1.2)
1<a<m 1<a<m b=1;a#b 1<a<b<m

— (mZ —S5m+ 2) I;m 612 ¢(sa) +2¢(_Sa)]

_ (m2 —5m+ 4) Z a [¢(Sa) _2¢(_Sa)] ’

1<a<m

where ¢(0) = 0 and m is an integer greater than 4. The main aim of this work is to obtain its general
solution and to investigate the Ulam stability by using the Hyers method in random normed spaces. It
is easy to see that the mapping ¢(s) = as® + bs is a solution of the functional equation (1.2). Every
solution of the functional equation deriving from quadratic and additive function (1.2) is said to be a
general quadratic mapping.

2. Preliminaries

In this section, we state the usual terminology, notions and conventions of the theory of random
normed spaces as in [29].

Let I'* denote the set of all probability distribution functions F : R U [—-oo, +00] — [0, 1] such
that F is left-continuous and nondecreasing on R and F(0) = 0, F(+c0) = 1. It is clear that the set
D* ={F eT* : ' F(—o0) = 1}, where [ f(x) = lim,_,,- f(¢), is a subset of ['*. The set I'* is partially
ordered by the usual pointwise ordering of functions, that is, F < G if and only if F(¢) < G(¢) for all
t € R. For any a > 0, the element H,(t) of D* is defined by

HL(f) = 0, ift<a,
T, it > a

We can easily show that the maximal element in I'* is the distribution function Hy(t).

Definition 2.1. [29] A function T : [0, 1]> — [0, 1] is a continuous triangular norm (briefly, a t-norm)
if T satisfies the following conditions:

(a) T is commutative and associative;

(b) T is continuous;

(¢) T(x,1)=xforall x € [0,1];

(d) T(x,y) < T(z,w) whenever x < zand y < w for all x,y,z,w € [0, 1].

Three typical examples of continuous t-norms are 7p(x,y) = xy, Tmax(x,y) = max{a + b — 1,0},
Ty(x,y) = min{a, b}.

Recall that, if T is a t-norm and {x,} is a sequence in [0, 1], then T x; is defined recursively by
T' xi=xjand T x; =T (T.”‘ll X;, xn) foralln > 2. T2 x; is defined by T X,...

14 = 1=

Definition 2.2. [30] A random normed space (briefly, RNS) is a triple (X, u, T'), where X is a vector
space, T is a continuous t-norm and u : X — D* is a mapping such that the following conditions hold:

AIMS Mathematics Volume 6, Issue 1, 908-924.



911

(RNT1) pu,(r) = Hy(?) for all x € X and ¢ > O if and only if x = O;
(RN2) p1o(f) = p1, (%) forall e € R with @ # 0, x € X and 1 > 0;

(RN3) pro(t + 5) 2 T (p(0), p1,(0)) for all x,y € X and £, 5 > 0.

Every normed space (X, || - ||) defines a random normed space (X, u, Ty), where p,(t) = thull for all
t > 0 and T, is the minimum t-norm. This space X is called the induced random normed space. If the
t-norm 7 is such that sup,_,., T(a,a) = 1, then every random normed space (X, u, T') is a metrizable
linear topological space with the topology 7 (called the u-topology or the (e, 6)-topology, where € > 0
and A € (0, 1)) induced by the base {U(e, 1)} of neighbourhoods of 6, where U(e, 1) = {x € X : ¥, (¢) >

1 -4}
Definition 2.3. Let (X, i, T') be a random normed space.

(i) A sequence {x,} in X is said to be convergent to a point x € X (write x, — x as n — o0) if
limy,—,c0 fty,—(t) = 1 for all > 0.
(i1) A sequence {x,} in X 1s called a Cauchy sequence in X if lim,,_, pty,—x, () = 1 forall z > 0.
(ii1) The random normed space (X, u,T) is said to be complete if every Cauchy sequence in X is
convergent.

Theorem 2.4. [29] If (X,u,T) is a random normed space and {x,} is a sequence such that x,, — x,
then lim,,_, ty, (1) = (7).

3. Solution of the functional equation (1.2)

Throughout this section, assume that £ and F are real vector spaces.

Theorem 3.1. If ¢ : E — F is an odd mapping which satisfies the functional equation (1.2) for all
S1,82, -+ ,Sm € E, then ¢ is additive.

Proof. In the sense of oddness of ¢, ¢(—s) = —¢(s) for all s € E. Then (1.2) turns into

¢[Z asa)+ Z ¢[—asa+ i bsb] = (m-23) Z ¢ (as, + bsy)

1<a<m 1<a<m b=1;a+b 1<a<b<m
— (m*=5m+4) > ag(s) (3.1)
1<a<m
for all sy, s5,---,5, € E. Now, setting s; = s, = --- = 5, = 01in (3.1), we obtain that ¢(0) = 0.

Replacing (s, $2,° -, 8,) by (0, 5,0,---) in (3.1), we obtain that
A(2s) = 2¢(s) (3.2)

for all s € E. Again replacing s by 2s in (3.2), we get

$(2%s) = 2°¢(s) (3.3)
for all s € E. Also, changing s by 2s in (3.3), we have

$(2°s5) = 2°¢p(s) (3.4)
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for all s € E. From (3.2)—(3.4), we conclude, for a positive integer m,

#(2"s) = 2"P(s)
for all s € E. Now, replacing (sy, s2,- -+ , S) by (u, %,O, --+,0)in (3.1), we get
d(u+v) = ¢(u) + ¢(v)

for all u,v € E. Therefore, the mapping ¢ is additive. O

Theorem 3.2. If ¢ : E — F is an even mapping which satisfies the functional equation (1.2) for all
S1,82, * ,Sm € E, then ¢ is quadratic.

Proof. In the sense of evenness of ¢, ¢(—s) = ¢(s) for all s € E. Then (1.2) becomes

o S as)r ¥ ¢[_asa+ s bsbJ

(m=3) > ¢(as,+bs)

1<a<m 1<a<m b=Ta#b 1<a<b<m
— (m?—5m+2) Z a*(s,) (3.5)
1<a<m
for all sy, 55, ,5, € E. Now, setting s; = s, = --- = 5, = 01in (3.5), we get ¢(0) = 0. Letting
(81,82, ,8n) =(0,s,0,---)1in (3.5), we have
¢(25) = 2°¢(s) (3.6)
for all s € E. Replacing s by 2s in (3.6), we obtain
$(2%5) = 2'¢(s) 3.7)
for all s € E. Replacing s by 2s in (3.7), we get
$(2°5) = 2°¢(s) (3.8)

for all s € E. From (3.6)—(3.8), we conclude, for a positive integer m,
$(2"s) = 22"¢(s)
for all s € E. Now, replacing (s1, $2,° -+ , $n) by (4, 3,0,---,0) in (3.5), we get
P +v) + plu —v) = 2¢u) + 2¢(v)
for all u,v € E. Therefore, the mapping ¢ is quadratic. O

Theorem 3.3. A mapping ¢ : E — F satisfies $(0) = 0 and (1.2) for all sy, s, , sy € E if and only
if there exist a symmetric bi-additive mapping Q : E X E — F and an additive mapping A : E — F
such that ¢(s) = Q(s, s) + A(s) for all s € E.
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Proof. Let ¢ satisfy (1.2) and ¢(0) = 0. We split ¢ into the odd part and even part as follows

b= BIZID (o  HD+IC

for all s € E, respectively. It is clear that ¢(s) = ¢.(s) + ¢,(s) for all s € E. It is easy to show that the
mappings ¢, and ¢, satisfy (1.2). Hence by Theorems 3.1 and 3.2, we have that ¢, and ¢, are additive
and quadratic, respectively. So there exist a symmetric bi-additive mapping Q : E X E — F such that
o.(s) = Q(s, s) and an additive mapping A : E — F such that ¢,(s) = A(s) for all s € E. Hence
o(s) = O(s, s) + A(s) for all s € E.

Conversely, assume that there exist a symmetric bi-additive mapping Q : E X E — F and an
additive mapping A : E — F such that ¢(s) = Q(s, s) + A(s) for all s € E. One can easily show that the
mappings s — (s, s) and the mapping A : E — F satisfy the functional equation (1.2). Therefore,
the mapping ¢ : E — F satisfies the functional equation (1.2). O

For our notational handiness, for a mapping ¢ : E — F, we define

Do(sy, 82,0 5 Sm) = ¢[ Z asu]+ Z ¢(—asa+ i bsb]

1<a<m 1<a<m b= Tath
—(m-73) Z ¢ (as, + bsy)
1<a<b<m
' (mz o 2) 1<aZ<ma2 W]
+ (= 5m + 4) Z[%]

for all s¢, $5,--- , 85, € E.
4. Main results for odd case

In this section, we investigate the Ulam stability of the finite variable functional equation (1.2) for
odd case in random normed spaces by using the Hyers method.

Theorem 4.1. Let E be a real linear space, (Z, i, min) be a random normed space and ¢ : E" — Z
be a function such that there exists 0 < p < % such that

’

l‘lw(%’%”%ﬂ) (l) Z ﬂp(ﬂ(SI,SZ,"',SW) (t) (4.1)
forall s\,s5, -+ ,8, € Eandt > 0 andlimm_m,u;;(Ll 5 (zlm) = 1forall sy,s5,---,s, € E and
21 >t s i
t > 0. Let (F, u, min) be a complete random normed space. If ¢ : E — F is a mapping such that
HDe(s1,52, ,5m) (t) 2 /’l;o(sl,sz,---,xm)(t) (42)
forall sy, s5,--+,5, € Eandt > 0, then the limit A|(s) = lim,,_,o, 2"¢ (ﬁ) exists for all s € E and
defines a unique additive mapping A, : E — F such that
’ 1 - 2p
Hos)-Ars) () Z Hpo.5.0.- 0) ((m2 - Sm+4) (T) l) (4.3)
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forall s € E and t > 0.
Proof. Replacing (s1, s3,--- , 8,) by (0,5,0,---,0) in (4.2), we get

H(m2 = 5m4)p(25)-2(m?~Sm+d)p(s) (1) = N;(O,S,o,... 0@ 4.4)
for all s € E. From (4.4), we get
Ho21-2009(0) 2 Koo .. 0y (" = 5m -+ 4)1) (4.5)
for all s € E. Again, replacing s by 5 in (4.5), we have
Ha(3)-009®) 2 Hi0 5.0 01 = S+ 4)1) (4.6)
for all s € E. Replacing s by 5; in (4.6) and using (4.1), we obtain

t
o ((m2 ~Sm+ 4)—)
on+1 2007 n

ﬂ2n+l¢(ﬂ%)_2n¢(%ﬂ)(l‘)

> /x;(o,s,o ((m —5m + 4)2,,pn+1) “4.7)

for all s € E. We know that

Pofi)-om= 20e(5)-03)
and so

Zn 121 1+1 )

Zn 121 1+1
Hong( )=o)\ 7o = !t
o(3r) ¢()((m2—5m+4) )

Ml 2o g)-20(5 )(( 2 5m+4)t

y 2lpl+1
> T (/.121+1¢( ) 21¢(2‘i/) (mt))
> T5 1 (Mp(()so )(t))

Z M(P(O,S,O,'-- ,0) (t)

’ (m* = 5m +4)
= Ko )09 2 Hot0.50..0 (W’ 48)
for all s € E. Replacing s by 5; in (4.8), we have
, (m~—5m+4)
l-l2n+q¢(2n~:_q )_2q¢(2%)(t) > /-l(p(o,s,o,.. (Wf] (49)

for all s € E. Since limg, . 4, o +4) t) = 1, it follows that {2"¢ (2%)};":1 is a Cauchy

¢(0,s5,0,-+-,0) (ZWI 1 2ph+1
sequence in a complete random normed space (F, i, min) and so there exists a point A;(s) € F such
that lim,,_,, 2"¢ (21) = A(s). Fix s € E and put ¢ = 0 in (4.9). Then we obtain

(m> = 5m + 4) t)

Harg(50)-o09) (D) Zﬂsa(o,s,o,m,m( Sl
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and so, for any 6 > 0,

Haroszo()-s0E+0) =T (tay-2a(5)(O)s Harg( ) o9 D) (4.10)
/ (m? = 5m + 4)
>T (:uAl(s)—Z”q&(zf,)(6)’lu<p(0,s,0,-~~ 0) ( Z?:_ol 21 i+ ?
for all s € E and ¢ > 0. Taking n — oo in (4.10), we have
’ 1 - 2
,uAl(s)—qb(s)(t + 5) > /’Lgo(O,S,O,-" 0) ((m2 —S5m + 4)( P ,0) l) (41 1)

for all s € E. Since ¢ is arbitrary, by taking 6 — 0 in (4.11), we obtain

’ 1 - 2p
,UAl(s)—¢(s)(t) = Hp(0,5,0,-,0) ((m2 -5m+ 4)( 0 )f)

for all s € E. Now, replacing (s, 82, , S,,) by (;—1, ;—ﬁ, cee %) in (4.2), we have

, t
s N Sm > s § S) N,
Horpg(3h. 50D Z By o (2)

for all s, s0,-+-,s,, € Eand r > 0. Since lim,_, 'u;o(” 5 ) = 1, we conclude that A, satisfies
MmN

t
s s%ﬂ) (2_n
the functional equation (1.2). On the other hand,

24, (f) ~ Ai(s) = lim 2"+1¢(L ~ lim 2"¢(i) ~0

2 2n+l ) n—oo o

for all s € E. This implies that A; : E — F is an additive mapping. To prove the uniqueness of the
additive mapping A, assume that there exists another additive mapping A, : E — F which satisfies
the inequality (4.3). Then we get

Hayo-a0® = M fhyun oy 2y (5)(0)
o t 1
2 lim min {tni(3)-20(3) (5) PH2g( )20 ) (5)}

o 1-2p
2 y}l—{?o He(0,5,0,,0) ((m2 —Sm+4) (2n+1pn ) t)

for all s € E and ¢ > 0. Since lim,_,o.(m* — 5m + 4) (;:—?’f,,)t = oo, we have

. 1-2p
lim 10,0, 0) ((m2 —Sm+4) (2n+1pn ) t) =1

It follows that g4, (5)-4,5(#) = 1 for all £ > 0 and so A,(s) = A,(s). This completes the proof. m]

Corollary 4.2. Let E be a real normed linear space, (Z,i',min) be a random normed space and
(F,u, min) be a complete random normed space. Let p be a positive real number with p > 1, 7o € Z
and ¢ : E — F be a mapping satisfying

D152, 5 (D) = ﬂ'( 0 4.12)

X llsli?)zo
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forall sy, s5, -+ ,8, € Eandt > 0. Then the limit A\(s) = lim,_,, 2"¢$ (21) exists for all s € E and
defines a unique additive mapping A, : E — F such that

H(s)-A, () (1) = ,U|/|s||pZ0 ((m2 - 5m+4)(2" - 2)l) ,
forall s € E and t > 0.

Proof. Letp =277 and ¢ : E™ — Z be a mapping defined by ¢(s1, 2, , 8,) = (ZT:1 ||sj||”) Z0. Then,
from Theorem 4.1, the conclusion follows. O

Theorem 4.3. Let E be a real linear space, (Z, i, min) be a random normed space and ¢ : E" — Z
be a function for which t there exists 0 < p < 2 such that

H2s25- 25m) B Z (s, 5y s ) (4.13)

forall sy, s5,---,8, € Eandt > 0 and lim,_, l“l:p(Z”sl,Z"sz,---,2"sm) 2"t) = 1 for all sy, s5,--+ , s, € E and
t > 0. Let (F,u,min) be a complete random normed space. If ¢ : E — F is a mapping satisfying

(4.2), then the limit A,(s) = lim,_,, @ exists for all s € E and defines a unique additive mapping
Ay . E — F such that

Hor-ari) (D = Hixo.50.- 0 ((m2 -5m+4)2- p)t)
forall s € E and t > 0.

Proof. Replacing (s1, s2,- , 8,) by (0,5,0,---,0) in (4.2), we get

Hon—5m+4)6(25)-2m2—5m+4)p(s) () = /’l:p(O,s,O,-u 0@ (4.14)
for all s € E. From (4.14), we obtain

Hozo (1) 2 0 50, 0/2(m* = Sm + D)D)

for all s € E. Replacing s by 2"s in (4) and using (4.13), we obtain

/’l¢(2ﬂ+lx) #(215) (t) > M;(O,Z”S,O,---,O) (2"+1(m2 —S5m + 4)t)
S

on+1

n+1
! 2

for all s € E. The rest of the proof is similar to the proof of Theorem 4.1. O

Corollary 4.4. Let E be a real normed linear space, (Z,i,min) be a random normed space and
(F,u, min) be a complete random normed space. Let p be a positive real number with 0 < p < 1,
20 € Zand ¢ : E — F be a mapping satisfying (4.12). Then the limit A;(s) = lim,_,, ¢(§:S) exists for
all s € E and defines a unique additive mapping A, : E — F such that

,uqﬁ(x)—Al(s)(t) > Ml’lS”pZO ((m2 —S5m+ 4)(2 — 2[))1‘)
forall s € E and t > 0.
Proof. Letp =27 and ¢ : E™ — Z be a mapping defined by ¢(s1, 2, , 5,) = (ZT:] ||sj||p) Zo. Then,

from Theorem 4.3, the conclusion follows. O
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5. Main results for even case
In this section, we investigate the Ulam stability of the finite variable functional equation (1.2) for
even case in random normed spaces by using the Hyers method.

Theorem 5.1. Let E be a real linear space, (Z, i, min) be a random normed space and ¢ : E" — Z
be a function for which there exists 0 < p < 2% such that

’

oot 2 ) O 2 Hogsy 5y 5, () (5.1)
forall sy, sy, ,8, € Eandt > 0 and hmn_m,u o Sm)(ﬁ) = 1 forall sy,s5, -+ ,s, € E and
M n 2eon

t > 0. Let (F,u,min) be a complete random normed space. If ¢ : E — F is a mapping with $(0) = 0
such that

ND¢(51:527"' Sm) (t) Z “;o(sl,sz,m,sm)(t) (5.2)

forall 51,55, ,8, € Eandt > 0, then the limit Q,(s) = lim,_ 2*"¢ (Z—Sn) exists for all s € E and
defines a unique quadratlc mapping Q, : E — F such that

Koo (D) 2 Hoos0000 ((m2 —5m+2) (1 _pzzp ) z) (5.3)
forall s € E and t > 0.
Proof. Replacing (s1, 52, , S») by (0, 5,0,---,0) in (5.2), we obtain
Hm2—5m+2)p(25)-22(m?~5m+2)¢(5)(F) = /‘;o(o,s,o,m,())(t) (5.4
for all s € E. From (5.4), we have
Hos-2009D) = My 0. 0)(m° = 5m + 2)1) (5.5)
for all s € E. Replacing s by 5 in (5.5), we get
Hazg(5)-009 (D = Hygo 3 ... 0)((* = 5m+2)0) (5.6)

for all s € E. Again, replacing s by 5 in (5.6) and using (5.1), we have

H 22(”*”¢(2n‘11)—22”¢(z'in)(t) >’“¢(0 57.0.+.0) ((m _5m+2)22n)
Z He (0,50, ((m —om+ 2 n+1)

for all s € E. We know that

o(g)-s0 -l ol
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and so

27 1221 1+1 )

Zn 1 221 I1+1
#22}1 S ) Ky —t l t
o)\ (2 ~ 5m + 2)

= gz o) (ot o)

22lpl+1
r)-2ols) ((m2 “Sm+2) ))

-1 4
> T2, (Mga(o,s,o,---,O)(t))
2 Uy0,5,0, 0)(1)

> Tn—l .
R /l22(1+1)¢(2[+

= /«L22n¢(2~7§1)_¢(s)(t) 2 H(0,5,0, 0) (Wt (5.7)
for all s € E. Replacing s by 5; in (5.7), we get
, (m*=5m+2)
Horsarg( s )_2%(2%)(0 2 (0,50, [W (5.8)

. . ’ 2 . .
for all s € E. Since lim, ;e Hp0.5.0. 0) (%1) = 1, it follows that {2%"¢ (21)};0:1 is a Cauchy

sequence in a complete random normed space (F, u, min) and so there exists a point Q,(s) € F such
that lim,,_., 26 (%) = Q(s). Fix s € E and put ¢ = 0 in (5.8). Then we have

, (m* — 5m + 2)
/.122)1¢(2~in)_¢(s)(t) 2 H(0,5,0,-,0 W

and so, for any 6 > 0,

Homsa(z) oo +0) 2 T (fgy a3 () Mg ) -0(D) (5.9)
/ (m? = 5m + 2)
=1 (“ 0x-20(3) O Ht050:-0 ( STt
for all s € E and ¢ > 0. Passing the limit n — oo in (5.9), we get
,Lle(S)_qg(s)(l + 5) > /’lcp(O,s,O,m,O) ((m2 —S5m + Z)Tpf (510)

for all s € E. Since ¢ is arbitrary, by taking 6 — 0 in (5.10), we obtain
/ 2 (1-2%)
:qu(S)—¢>(S)(t) 2 Hp0,5,0,- ,0) (m” —5m+ Z)Tl‘

for all s € E. Now, replacing (sq, $2, -+ , S,n) by (;—1, ;—2 cee 2—) in (5.2), we have

/ t
(00 2 Koy 5. (37)

22Ny
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. (2%) = 1, we conclude that Q, satisfies

for all s, 55, , 5, € E and ¢ > 0. Since lim,_,., i e
zn team

the functional equation (1.2). On the other hand,
. w8
20:(5) - 000 = fim 20+ 55 ) - tim 20 ) =0

for all s € E. This implies that Q, is a quadratic mapping. To prove the uniqueness of the quadratic
mapping Q,, assume that there exists another quadratic mapping Q'2 : E — F which satisfies (5.3).
Then we have

Hoy-0yo® = M Liyng, (o) 2g) (5)(D)
t t
= lim min {“22"92( ") 22"¢(2n)( ) *H22g(5)-220)(5r) (5)}
. (1-2%)
2 1im f1,9,5,.-.0) ((m2 =M+ D) e !
n—oo 1Y
forall s € E and £ > 0. Since lim, oo(m? — 5m + 2) 4521 = oo, we have

o > (1-2%0)
,}Lnolo He0,5,0,--,0) ((m =Sm+ ) 2200+ ) t)

It follows that ,qu(s)_Q;(s)(t) = 1forall > 0 and so Q,(s) = Q’z(s). This completes the proof. O

Corollary 5.2. Let E be a real normed linear space, (Z,i,min) be a random normed space and
(F, u, min) be a complete random normed space. Let p be a positive real number with p > 2, zo0 € Z
and ¢ : E — F be a mapping satisfying (4.12) for all sy, s5,--+ , s, € E and t > 0. Then the limit
0>(s) = lim,_,. 2%"¢ (2%) exists for all s € E and defines a unique quadratic mapping Q, : E — F
such that

Hatsr-0:9(0) = Hygpoey ((m2 - 5m+2)(2" - 22)t)
forall s € E and t > 0.

Proof. Letp =277 and ¢ : E™ — Z be a mapping defined by ¢(sy, 52, , $y) = (27’:1 ||sj||1’) Zo. Then,
from Theorem 5.1, the conclusion follows. O

Theorem 5.3. Let E be a real linear space, (Z, p', min) be a random normed space and ¢ : E" — Z
be a function such that there exists 0 < p < 2° such that

Fo2s.250- 25m) B 2 (s, sy, 5 ) (5.11)

forall sy, s, ,5, € Eandt > 0 andlim,_ ,uga(%l gy 25y (22”t) = 1forall s\, sy, - ,s, € Eand
t> 0. Let (F, u, mm) be a complete random normed space. If ¢ : E — F is a mapping with ¢$(0) = 0
sstisfyinf (4.2), then the limit Q,(s) = lim,_,q ‘/’(222,15) exists for all s € E and defines a unique quadratic
mapping Q, : E — F such that

K029 (D) 2 fiyo s..0) (2 = Sm +2)(2% = p)r) (5.12)

forall s € Eandt > 0.
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Proof. Replacing (s1, 52, , ) by (0,5,0,---,0) in (5.2), we obtain

ﬂ(mz—5m+2)¢(25)—22(m2—5m+2)¢(s)(t) = /'l;;(o,s,o,...,O)(t) (513)
for all s € E. From (5.13), we have

M%ﬂﬁﬂz%mmmﬂwﬁ—ﬁﬁim (5.14)
for all s € E. Replacing s by 2"s in (5.14) and using (5.11), we get

! 2(n+1 2
Ho(1s) gy ) Z Hy(0,2750.+ 0) (2 " Dm? - 5m + 2)t)

22(n+1) - 22n

, 5 2(n+1)
2 Hy(0,5,0, 0) ((m - S5m+2) o t)

for all s € E. The rest of the proof is similar to the proof of Theorem 5.1. O

Corollary 5.4. Let E be a real normed linear space, (Z,i,min) be a random normed space and
(F, u, min) be a complete random normed space. Let p be a positive real number with 0 < p < 2,
20 € Zand ¢ : E — F be a mapping satisfying (4.12). Then the limit Q,(s) = lim,_,« % exists for

all s € E and defines a unique quadratic mapping Q, : E — F such that

Hep(5)-02(5)(1) 2 ,U|,|s\|p20 ((m2 —5m + 2)(22 - 2p)t)
forall s € E and t > 0.

Proof. Let p = 2P and ¢ : E™ — Z be a mapping defined by ¢(s1, s2,+ -+, 5,) = (Z']’-’zl ||sj||”) 2o Then,

from Theorem 5.3, the conclusion follows. O
6. Main results for mixed case

In this section, we investigate the Ulam stability of the finite variable functional equation (1.2) for
mixed case in random normed spaces by using the Hyers method.

Theorem 6.1. Let E be a real linear space, (Z, i, min) be a random normed space and ¢ : E" — Z

1 9 sm (2_2) =1

2
2 230" s 2l

(2%) =1 forall s\,s2,--,5, € Eandt > 0. Let (F,u, min) be a complete

be a function for which there exists 0 < p < = such that (4.1) and lim,_,., ,u:p(s]
2n

and lim,,_,., u;}(ﬂ o m)
random normed sjr)acez. If ¢ : E — F is a mapping with ¢(0) = 0 satisfying (4.2), then the limits
0>(s) = lim, ., 2%"¢ (2%) and A,(s) = lim, o, 2"¢ (21,,) exist for all s € E and define a unique quadratic

mapping Q, : E — F and a unique additive mapping A, : E — F such that

1-2?
a-2 .

mﬂ—5m+4ﬁil&2d
P

' 2
Mo()-0x()-a1(s) () Z My 50, 0) ((m —-Sm+2)
forall s € E and t > 0.
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Proof. By Theorem 3.3, ¢(s) = ¢.(s) + ¢,(s), where

¢(s) + ¢(=5) P(s) — ¢(=5)

¢e(s) = > > ¢0(S) = )

for all s € E, respectively. So

1
MDg, (51,52, :Sm)(t) 2 5 I:ND¢(51»52:""5771)(I) + /"D¢(—S1,—52,"',—Sm)(t)]

and

1
/’LD¢U(51»52,"'557)1)(t) Z 5 I:I’LD¢(S1,52,"',S,-,,)(I) - uD¢(_51s_525"'»_5771)(t):|

for all s¢, 82, , 5, € E. Now,

Ho(s)-0a(5)-A1(5) (B) = Hepy(5)+60(5)-0a(5)-A1(s) () = Hpo(5)-02(5)(E) + Hg,(5)-A1(5) (D)

for all s € E and t > 0. Using Theorems 4.1 and 5.1, we can complete the remaining proof of the
theorem. O

Corollary 6.2. Let E be a real normed linear space, (Z,i',min) be a random normed space and
(F, u, min) be a complete random normed space. Let p be a positive real number with p > 2, 7o € Z
and ¢ : E — F be a mapping with ¢(0) = 0 satisfying (4.12) for all sy, s2,--- , s, € E and t > 0. Then
the limits Q»(s) = lim,_,o 2%"¢ (21) and A,(s) = lim,_, 2"¢ (21) exist for all s € E and define a unique
quadratic mapping Q, : E — F and a unique additive mapping A, : E — F such that

Hor-0s(1-1 00 = Mgy ((m* = 5m +2)(27 = 20t + (m® = 5m + 4)(2° - 2)t)

forall s € E and t > 0.

Proof. Letp =277 and ¢ : E™ — Z be a mapping defined by ¢(s1, 2, , §,) = (27;1 ||sj||1’) Z0. Then,
from Theorem 6.1, the conclusion follows. O

Theorem 6.3. Let E be a real linear space, (Z, ,u,, min) be a random normed space and ¢ : E" — Z
be a function for which there exists 0 < p < 2 such that ”Zp(2s1,2s2,---,2sm) (1) > ,u;) (51,52 15) (t) for all

’

S1,82, .8, € Eandt >0 and limn_,ooyw(%l’znsz’m 25 (22"t) =1 and lim,_,« /’l;o(Z”sl,Z”sz,m 25 ") =
1 for all sy,s5,---,5, € Eandt > 0. Let (F,u,min) be a complete random normed space. If ¢ :
E — F is a mapping with ¢$(0) = 0 satisfying (4.2), then the limits Q,(s) = lim,_, ¢(222’;S) and A(s) =
lim,, e ‘/’(;:s) exist for all s € E and define a unique quadratic mapping Q, : E — F and a unique

additive mapping A, : E — F such that

Hep(5)-0a(s)-A, (s) (1) = ll;,(o,s,o,...,o) ((m2 —5m+2)(2* - Pt + (m* = 5m +4)(2 - P)l)
forall s € E and t > 0.

Proof. Using Theorems 4.3 and 5.3, in a similar manner of Theorem 6.1, we can complete the proof
of the theorem. O
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Corollary 6.4. Let E be a real normed linear space, (Z,i,min) be a random normed space and
(F, u, min) be a complete random normed space. Let p be a positive real number withO < p < 1,z0 € Z
and ¢ : E — F be a mapping with ¢(0) = 0 satisfying (4.12). Then the limits Q,(s) = lim, %
and A((s) = lim,_, ¢(§:S) exist for all s € E and define a unique quadratic mapping Q, : E — F and a

unique additive mapping A, : E — F such that

Hor-0s(1-11 0D = Moy ((m* = 5m +2)(2% = 200t + (m® = 5m + 4)(2 - 27)1)

forall s € E and t > 0.
Proof. Letp =27 and ¢ : E™ — Z be a mapping defined by ¢(s1, 2, , 5,,) = (ZT:] ||sj||p) Zo. Then,
from Theorem 6.3, the conclusion follows. O

7. Conclusions

We have dealt with a new finite variable mixed type quadratic-additive functional equation (1.2) to
obtain its solution. We employed the algorithm of the powerful tool (direct method) devised by Hyers
to achieve our main results of Ulam stability of a finite variable mixed type functional equation (1.2).

Authors’ contributions

The authors equally conceived of the study, participated in its design and coordination, drafted the
manuscript, participated in the sequence alignment, and read and approved the final manuscript.

Acknowledgements

We would like to express our sincere gratitude to the anonymous referee for his/her helpful
comments that will help to improve the quality of the manuscript.

Conflict of interest

The authors declare that they have no competing interests.

References

1. T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Jpn., 2 (1950),
64-66.

2. H. Azadi Kenary, On the stability of a cubic functional equation in random normed spaces, J. Math.
Ext., 4 (2009), 105-113.

3. H. Azadi Kenary, Stability of a Pexiderial functional equation in random normed spaces, Rend.
Cire. Mat. Palermo, 60 (2011), 59-68.

4. H. Azadi Kenary, RNS-Approximately nonlinear additive functional equations, J. Math. Ext., 6
(2012), 11-20.

AIMS Mathematics Volume 6, Issue 1, 908-924.



923

10.

11

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

S. S. Chang, J. M. Rassias, R. Saadati, The stability of the cubic functional equation in intuitionistic
random normed spaces, Appl. Math. Mech., 31 (2010), 21-26.

S. Czerwik, Functional Equations and Inequalities in Several Variables, World Scientific, River
Edge, NJ, 2002.

M. E. Gordji, M. B. Savadkouhi, Stability of mixed type cubic and quartic functional equation in
random normed spaces, J. Inequal. Appl., 2009 (2009), 1-9.

M. E. Gordji, M. B. Savadkouhi, C. Park, Quadratic-quartic functional equations in RN-spaces, J.
Inequal. Appl., 2009 (2009), 1-14.

M. E. Gordji, J. M. Rassias, M. B. Savakohi, Approximation of the quadratic and cubic functional
equations in RN-spaces, Eur. J. Pure Appl. Math., 2 (2009), 494-507.

P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately additive
mappings, J. Math. Anal. Appl., 184 (1994), 431-436.

. V. Govindan, C. Park, S. Pinelas, S. Baskaran, Solution of a 3-D cubic functional equation and its

stability, AIMS Math., 5 (2020), 1693-1705.

D. H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. USA, 27
(1941), 222-224.

D. H. Hyers, G. Isac, T. M. Rassias, Stability of Functional Equations in Several Varables,
Birkhauser, Basel, 1998.

S. Jin, Y. Lee, On the stability of the functional equation deriving from quadratic and additive
function in random normed spaces via fixed point method, J. Chungcheong Math. Soc., 25 (2012),
51-63.

S. Jung, Hyers-Ulam-Rassias Stability of Functional Equations in Mathematical Analysis,
Hadronic Press, Palm Harbor, 2001.

S. Jung, D. Popa, T. M. Rassias, On the stability of the linear functional equation in a single variable
on complete metric spaces, J. Global Optim., 59 (2014), 1-7.

Y. Lee, S. Jung, Stability of an n-dimensional mixed type additive and quadratic functional equation
in random normed spaces, J. Appl. Math., 2012 (2012), 1-15.

Y. Lee, S. Jung, T. M. Rassias, Uniqueness theorems on functional inequalities concerning cubic-
quadratic-additive equation, J. Math. Inequal., 12 (2018), 43-61.

D. Mihet, V. Radu, On the stability of the additive Cauchy functional equation in random normed
spaces, J. Math. Anal. Appl., 343 (2008), 567-572.

D. Mihet, R. Saadati, S. M. Vaezpour, The stability of the quartic functional equation in random
normed spaces, Acta Appl. Math., 110 (2010), 797-803.

M. Mohamadi, Y. Cho, C. Park, P. Vetro, R. Saadati, Random stability of an additive-quadratic
functional equation, J. Inequal. Appl. , 2010 (2010), 1-18.

A. Najati, M. Moghimi, Stability of a functional equation deriving from quadratic and additive
functions in quasi-Banach spaces, J. Math. Anal. Appl., 337 (2008), 399-415.

C. Park, K. Tamilvanan, G. Balasubramanian, B. Noori, A. Najati, On a functional equation that
has the quadratic-multiplicative property, Open Math., 18 (2020), 837-845.

AIMS Mathematics Volume 6, Issue 1, 908-924.



924

24.
25.
26.
27.
28.
29.
30.
31.

32.
33.

% AIMS Press

J. M. Rassias, R. Saadati, G. Sadeghi, J. Vahidi, On nonlinear stability in various random normed
spaces, J. Inequal. Appl., 2011 (2011), 1-17.

T. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Am. Math. Soc., T2
(1978), 297-300.

T. M. Rassias, Functional Equations, Inequalities and Applications, Kluwer Academic Publishers,
Dordrecht, 2003.

R. Saadati, M. Vaezpour, Y. Cho, A note to paper “On the stability of cubic mappings and quartic
mappings in random normed spaces”, J. Inequal. Appl., 2009 (2009), 1-6.

R. Saadati, M. M. Zohdi, S. M. Vaezpour, Nonlinear L-random stability of an ACQ functional
equation, J. Inequal. Appl., 2011 (2011), 1-23.

B. Schewizer, A. Sklar, Probabilistic Metric Spaces, North-Holland Series in Probability and
Applied Mathematics, North-Holland, New York, 1983.

A. N. Serstnev, On the motion of a random normed space, Dokl. Akad. Nauk SSSR, 149 (1963),
280-283.

K. Tamilvanan, J. Lee, C. Park, Hyers-Ulam stability of a finite variable mixed type quadratic-
additive functional equation in quasi-Banach spaces, AIMS Math., 5 (2020), 5993-6005.

S. M. Ulam, Problems in Modern Mathematics, Wiley, New York, 1964.

J. Vanterler da C. Sousa, E. Capelas de Oliveira, F. G. Rodrigues, Ulam-Hyers stabilities of
fractional functional differential equations, AIMS Math., § (2020), 1346-1358.

©2021 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 6, Issue 1, 908-924.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Solution of the functional equation (??) 
	Main results for odd case
	Main results for even case
	Main results for mixed case
	Conclusions

