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Ultrasonic Nonlinear Parameters
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aDepartment of Mechanical Convergence Engineering, Hanyang University, Seoul, South Korea;
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ABSTRACT
The ultrasonic nonlinear parameter is measured from the
amplitudes of the harmonic frequency components generated
during the propagation of ultrasonic waves in a material. There
are two definitions for this parameter: absolute and relative.
The absolute parameter is defined by the displacement ampli-
tude; however, it is difficult to measure because of the very
small displacement amplitude of the harmonic components.
Conversely, the relative parameter is defined by the amplitude
of the detected signal, regardless of displacement. Many
researchers use the relative parameter because it is easier to
measure, although it is only available for a relative comparison
of different materials. However, it has not yet been verified that
the ratio of the relative parameters between two materials is
identical to that of the absolute parameters. In this study, we
make it clear that the ratio of the relative parameters is inher-
ently not identical to that of the absolute parameters, but that
they can be identical to each other by compensating for
material-dependent differences, such as detection-sensitivity
and wavenumber. For verification, the absolute and relative
parameters were measured for two different materials. The
results showed that the ratios of absolute and relative para-
meters were in good agreement after compensation.
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1. Introduction

The nonlinear ultrasonic technique (NUT) has been considered as a potential
nondestructive evaluation (NDE) method for assessing material degradation.
This technique is based on the nonlinear elastic interaction between a
material and a propagating ultrasonic wave. One of the typical phenomena
of nonlinear interaction is that the waveform of the incident monotonic
ultrasonic wave is distorted during propagation in a material such that it
generates higher-order harmonic frequency components, in which the ampli-
tudes of the harmonic components are dependent on the elastic nonlinearity
of the material. Thus, the NUT based on higher-order harmonic generation
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measures the amplitudes of the harmonic components after propagation in a
material, to evaluate the level of elastic nonlinearity of that material. The
second-order nonlinearity, which is the lowest of the higher-order nonlinear-
ity, has been particularly widely considered, since it is easier to measure than
the other higher orders. The second-order nonlinear parameter β is used to
quantize the second-order nonlinearity, which is measured from the ampli-
tude of the second-order harmonic frequency component [1]. It is well
known that this parameter β is closely related to the microstructure of a
material, such as precipitates [2,3] and dislocations [4]; hence, this parameter
can be used for evaluating microstructural changes induced by degradations
such as creep [5], fatigue [6], and thermal aging [7,8].

There are two definitions for the nonlinear parameter: absolute and
relative. The absolute parameter is defined by using the displacement ampli-
tude of the harmonic component, whereas the relative parameter is defined
by using the amplitude of the detected signal, regardless of displacement.

Only a few techniques have been designed tomeasure the absolute parameter.
Well-known methods for measuring the absolute parameter are the capacitive
detection method [9,10] and the laser interferometer method [11]. The capaci-
tive detection method measures the gap spacing between the specimen and the
capacitive detector. The sensitivity of this method is very high; however, it
requires an optically flat and parallel specimen for over the detector, and a
small gap spacing of only a few microns [12]. The laser interferometer method
has some advantages, such as noncontact measurement and broad-bandwidth
frequency sensitivity; however, the interferometer uses specular reflection of
light, so the surface of the tested material must be like a mirror. Furthermore,
these methods are so difficult for measuring the absolute parameter, because the
displacement amplitude of the high-frequency harmonic component is very
small, and they are not practical outside a laboratory setting.

The piezoelectric detection method developed by G. E. Dace [13] measures
the displacement amplitude using a contact piezoelectric transducer in a
roundabout way—with the calibration process—which converts a measured
electrical current into the acoustic displacement. This method has the advan-
tage that the signal-to-noise ratio is high, and the measurement result is less
affected by the surface roughness of the material, compared with other
methods [14]. Nevertheless, it is not practical in the field because of the
inconvenience of the two-step process, including calibration.

Therefore, many researchers measure the relative parameter, since it is
defined by using the amplitude of the detected signal, so that conventional
piezoelectric transducers can be used, which is much easier and more
practical than the absolute parameter measurement. However, the relative
parameter is available only for the relative comparison between different
materials, or between before damage and after damage in a material.
Furthermore, it is only a qualitative comparison, not a quantitative
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comparison, since the relationship between the absolute parameter and the
relative parameter has not been identified. Nevertheless, this relative para-
meter has been recklessly used for assessing material degradation.

In this study, we make it clear that the fractional ratio of the relative
parameters is inherently not identical to the ratio of the absolute parameters,
but that they can be identical each other by compensating for material-
dependent differences such as the detection-sensitivity and the wavenumber.
That is, a quantitative comparison of the ultrasonic nonlinear parameter
between different materials is possible, even by measuring only the relative
parameter, if the proposed compensation is adopted. For experimental ver-
ification, the absolute and the relative parameters were measured for two
different materials—fused silica and Al6061-T6. The piezoelectric detection
method was adopted for measuring the absolute parameters. In the experi-
ments, the fractional ratio of the absolute parameter of Al6061-T6 to that in
fused silica was compared with the compensated ratio of the relative para-
meter in Al6061-T6 to that in fused silica.

2. Ultrasonic nonlinear parameter

In order to evaluate the nonlinear ultrasonic characteristics, a monochro-
matic ultrasonic wave is transmitted and received after propagation in a
material. The received signal includes the harmonic components as well as
the fundamental incident frequency component. The second-order nonlinear
parameter β is determined from the displacement amplitudes of the incident
fundamental frequency and the second-order harmonic frequency compo-
nent as follows [15,16]:

β ¼ 8A2

k2xA1
2 (1)

where A1 and A2 are the displacement amplitudes of the fundamental and
second-order harmonic waves after they have propagated though the sample,
respectively, k is the wavenumber, and x is the wave propagation distance.
The parameter β is the absolute parameter.

On the other hand, when k and x are constant, the absolute parameter β
can be replaced with the relative parameter β0 as shown in Eq. (2):

β0 ¼ A2
0

A1
02 (2)

where A1
0 and A2

0 are the detected signal amplitudes of the fundamental and
second-order harmonic waves, respectively. That is, we can measure the
relative parameter by using the voltage output signal detected by a conven-
tional piezoelectric transducer, which is very convenient and much more
practical for field applications than the absolute parameter measurement.
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Although this relative parameter is completely different with the absolute
parameter, it can be used for the relative comparison of nonlinearity between
different materials (e.g., between before and after damage in a material). The
relative parameter is presented in the form of the fractional ratio of the
parameter measured in a test material (e.g., damaged) relative to the para-
meter measured in a reference material (e.g., intact). Of course, measurement
conditions (e.g., equipment, frequency, and thickness of specimen) should all
be kept constant for the relative comparison. However, it should be noted
that the relative parameter can only provide a qualitative comparison, not a
quantitative comparison, since the relationship between the absolute para-
meter and the relative parameter has not been identified. Nevertheless, this
relative parameter has been recklessly used for assessing the material
degradation.

3. Relationship between absolute and relative parameters

Here, we deduce a theoretical relationship between the absolute and relative
parameters. First, we assume that the detected signal amplitude is linearly
proportional to the actual displacement amplitude of a wave with respect to
the fundamental and second harmonic, as follows [15]:

A1 ¼ A1
0 � α1

A2 ¼ A2
0 � α2 (3)

where αi (i = 1 at the fundamental frequency and i = 2 at the second
harmonic frequency) is the displacement-proportionality coefficient, which
is related to the frequency-dependent sensitivity (i.e., the conversion effi-
ciency of acoustic energy into electrical energy) of the transducer. Since the
piezoelectric transducer produces a voltage output proportional to the dis-
placement of the acoustic wave at a fixed frequency, the above assumption is
reasonable for the piezoelectric transducer. The influences by attenuation and
diffraction were neglected.

Next, let us consider the fractional ratio of the nonlinear parameters
between the reference material and test material. The propagation distance
is assumed to be constant. For this, Eq. (3) is substituted into Eq. (1), and the
definition of β0 in Eq. (2) is used to derive the following equation:

β

β0
¼

1
k2 � A2

A1
2

1
k0

2 � A2;0

A1;0
2

¼
1
k2 � α2�A2

0
α12�A1

02

1
k0

2 � α2;0�A2;0
0

α1;02�A1;0
02

¼ k0 � α0 �
A2

0
A1

02

A2
0

A1
02
¼ k0 � α0 � β

0

β0
0 (4)

where k0 is the wavenumber ratio, α0 is the displacement-proportionality ratio
(used to compensate for the difference in the two materials), and the sub-
script “0” means the value for the reference material. When we compare the
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nonlinear parameter between before and after the damage in a material, the
wavenumber and the displacement-proportionality would be similar, so that
k0 and α0 can be regarded as unity. Then Eq. (4) can be represented as
follows [15]:

β

β0
¼ β0

β0
0 : (5)

In this case, the fractional ratio of the relative parameters between the
reference material and the test material is identical to that of the absolute
parameters, and the quantitative ratio of the absolute nonlinear parameters
can be obtained simply by measuring the relative parameters.

However, if the two materials are completely different, then k0 and α0 may
not be unity, and thus, those factors should be compensated for by using Eq.
(4) in order to obtain the correct fractional ratio of the absolute parameters
by measuring the relative parameters. The transmission of acoustic energy
from the surface of the material to the transducer may affect the amplitude of
the detected signal, which is related to the difference in the acoustic impe-
dance between the material and the transducer. In such cases, the compensa-
tion factor α0 involves the effect of the difference in acoustic impedance
between the materials.

4. Experiments

In this study, we experimentally verify the proposed relationship between the
absolute and relative parameters. For the experiments, we prepared two
specimens of different materials: fused silica (density is 2,170 kg/m3) and
Al6061-T6 (density is 2,690 kg/m3). Lithium niobate (LiNbO3) transducers
(diameter is 6.35 mm) were used. Since the difference in acoustic impedance
of these materials is not very significant (12 × 106 kg/m2·s for fused silica and
17 × 106 kg/m2·s for Al6061-T6), compared to the acoustic impedance of the
transducer (≈40 × 106 kg/m2·s), the effect of the difference in the acoustic
impedance between the materials can be ignored. The thickness of each
specimen was 20 mm. The absolute and relative nonlinear parameters of
the two specimens were measured. The effects of diffraction and attenuation
were neglected since the thickness of specimen is small and those effects are
insignificant in our test specimens.

4.1. Absolute measurement

The piezoelectric method was adopted for measuring the absolute parameter
[13], which proceeded in two steps: calibration and nonlinear measurement,
as shown Fig. 1. The calibration process was conducted to obtain the transfer
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function that converts the electrical output of the receiving transducer into
displacement amplitude. The transfer function was obtained using the broad-
band pulse-echo technique [17]. The calibration was only conducted for the
10 MHz transducer that was used as the receiver in the nonlinear measure-
ment process. A broadband pulse signal generated by a pulser-receiver
(Panamertric, PR5072) drives the transducer to input a broadband pulse
wave into the specimen. The incident wave is reflected from the back-wall
of the specimen and received by the same transducer. During the calibration
process, the input current I0inand input voltageV0

in applied to the transducer
are detected, and the output current I0out and output voltageV0

out of the back-
wall echo signal received by the transducer are detected using the current
probe (Lecroy, CP030) and voltage probe (Tektronix, P2220). The signal was
acquired by a digital oscilloscope (Lecroy, Wavesurfer452). The acquired
signals were Fourier-transformed by using fast Fourier transform (FFT)
after applying a Tukey window to minimize the influence of the side lobes.

Figure 1. Experimental setup for absolute measurement: (a) calibration and (b) nonlinear
measurement.
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In order to compensate for the energy loss of the signal occurring by
windowing, the frequency spectrum obtained from the FFT was rescaled by
multiplying it by a scaling factor (e.g., the scaling factor of a Tukey window is
4/3) [18,19]. From the final spectrum, we calculated the transfer function
H ωð Þas follows [13]:

H ωð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I0inðωÞ V 0

outðωÞ
I0outðωÞ

� �
þ V 0

inðωÞ
���

���
2ω2ρυa I0outðωÞj j

vuut
(6)

where ω is the frequency, ρ is the density, υ is the longitudinal velocity, and a
is the area of the transducer. In Eq. (6), the prime sign denotes the measured
parameter during the calibration process.

After the calibrationwas completed, the nonlinearmeasurementwas performed
by using a through-transmission technique, as shown in Fig. 1(b). A LiNbO3

transducer with a center frequency of 5 MHz was used as the transmitter, and a
10 MHz LiNbO3 transducer was used as the receiver, to sensitively detect the
second harmonic component. The nonlinear measurement process measures the
harmonic component in the electrical output signal of the receiving transducer
after the ultrasonic wave passes through the material. A tone burst signal with 20
cycles was generated using a high-power pulser (RITECRAM5000, USA) to drive
the transmitter. This high voltage signal passes through a 7 MHz low pass filter to
suppress the high-frequency components generated within the pulser. During the
nonlinear measurement process, it is important that the contact condition of the
transducers be consistent with that existing during the calibration process. In the
experiment, the contact pressure was maintained at a constant level of 0.4 MPa
using pneumatic equipment to maintain the contact condition of transducers in
consistent [20]. The current output Iout was detected using the current probe that
was used for the calibration. The measurements were repeated with increased
input power. The received signal was processed by FFT to obtain Iout ωð Þ.

From the experimental results of the calibration and the nonlinear mea-
surement, the displacement amplitude spectrum of the ultrasonic wave
detected by the receiving transducer, A(ω), was calculated from the transfer
function H ωð Þ and the current output spectrum Iout ωð Þas follows [13]:

AðωÞ ¼ HðωÞj j IoutðωÞj j: (7)

4.2 Relative measurement

After the absolute measurement was completed, the relative measurement
was conducted, as shown in Fig. 2. The experimental setup was the same as
that employed in the nonlinear measurement process of the absolute mea-
surement. The only difference was that the relative measurement used the
transducer output voltage signal directly.
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5. Results and discussions

5.1. Results of absolute and relative measurements

Figure 3 shows the transfer function curves obtained from the 10 MHz
transducer using Eq. (6) for the absolute measurement in fused silica and
Al6061-T6. The transfer function H ωð Þ is affected by the contact condition
between the specimen and the receiving transducer, and by the acoustic
impedance of a specimen. Since the contact condition was maintained
using pneumatic equipment, and the acoustic impedances of the materials
were similar, the transfer function curves for the two materials were similar
in the vicinity of the interesting frequency range (5 MHz and 10 MHz).

Figure 4(a) shows the received current signal from the nonlinear measurement
of the absolute measurement for fused silica and Al6061-T6, while Fig. 4(b) shows
the received voltage signal from the relative measurement. The received signals
were averaged over 100 repeated measurements to improve the signal-to-noise

Figure 2. Experimental setup for relative measurement.

Figure 3. Transfer functions obtained with absolute measurement in fused silica and Al6061-T6.
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ratio. The velocity of the Al6061-T6 (6,400 m/s) is faster than that of fused silica
(5,980m/s), so theAl6061-T6 signalwas received earlier than the fused silica, in the
time domain. The received signals were processed by FFT after applying a Tukey
window, and the frequency spectrum was rescaled by multiplication by a scaling
factor. Themagnitudes of the fundamental and second-order harmonic frequency
components were obtained from the spectrum of the output signal, as shown in
Fig. 5. Figure 5(a) shows the spectrumof the current output signal obtained during
the absolute measurement, and Fig. 5(b) shows the spectrum of the voltage output
signal obtained during the relative measurement. It can be seen that the second-
order harmonic component was clearly detected. Figure 6 shows the relationship
between the square of the fundamental frequency component A1

2 and the ampli-
tude of the second-order harmonic componentA2in both fused silica and Al6061-
T6. Figure 6(a) shows the relationship obtained during the absolute measurement,
in which the unit of A1 and A2 is absolute displacement amplitude [m], and Fig. 6
(b) shows the relationship obtained during the relative measurement, in which the
unit of A1

0 and A2
0 is voltage amplitude [V]. Figure 6 shows the clearly linear

relationship between the square of the fundamental frequency componentA1
2 and

Figure 4. Received signals: (a) current output signal from the absolute measurement and (b)
voltage output signal from the relative measurement.
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the amplitude of the second-order harmonic componentA2with a high correlation
coefficient of 0.99. Then, the absolute parameter β is determined from the slope of
the fitted line obtained in the absolute measurement, with the wavenumber k and
the thickness of specimen x, using Eq. (1); the relative parameter β0 is determined
from the slope of the fitted line obtained from the relative measurement using
Eq. (2).

5.2. Relationship between absolute and relative measurements

The experimental results are listed in Table 1 for comparison of the absolute
parameters with the relative parameters. The table values are the mean values
from three separate measurements. The measured absolute parameter of fused
silica is 10.06, and of Al6061-T6 is 5.41; these are in good agreement with the
reference values. The ratio of the absolute parameter of Al6061-T6 to that of fused
silica is 0.54, which is also within the reference ratio range. On the other hand, the
ratio of the relative parameters is 0.48 before the compensation, which is slightly
different than that of the absolute parameters.

Figure 5. Spectrums of signals shown in Fig. 4: (a) current output signal from the absolute
measurement and (b) voltage output signal from the relative measurement.
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Now, we consider the compensation factors k0 and α0 shown in Eq. (4). First,
in order to obtain the displacement-proportionality coefficient α for fused-
silica and Al6061-T6, the 5 MHz transmitting transducer was fixed in the
relative measurement, and the displacement amplitude at the receiving side
was detected using a laser detector [25]. This amplitude was compared with the
voltage amplitude detected using the piezoelectric contact transducer at a
constant input power. This process was repeated after increasing the input
power. The results are shown in Fig. 7, in which the slopes correspond to the
displacement-proportionality coefficients of fused silica and Al6061-T6 at 5
MHz. In the figure, the x-axis is the voltage amplitude obtained using the

Figure 6. Relationship between A1
2 and A2in fused silica (blue) and Al6061-T6 (red): (a) absolute

measurement and (b) relative measurement.

Table 1. Comparison of the results of absolute and relative measurements.
Fused silica Al6061-T6 Ratio ( Al6061�T6

Fusedsilica Þ
Absolute parameter (β) 10.06 � 0.46 5.41 � 0.37 0.54 � 0.05
Relative parameter (β0) 0.01061 � 0.000345 0.00509 � 0.000308 0.48 � 0.04

(0.55 after compensation)
Reference of 8.67–14.0 4.5–5.69 0.32–0.66
absolute parameter [11,13,21–23] [22,24]
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piezoelectric transducer, and the y-axis is the displacement amplitude obtained
using the laser detector. The values along both axes were normalized by their
respective initial values. The displacement-proportionality coefficient α is
almost the same in fused silica and Al6061-T6, regardless of measuring
frequency; hence, the compensation factor α0 in Eq. (4) can be ignored.

Alternatively, we can explain the above result that the displacement-pro-
portionality coefficient α was almost the same in both fused silica and
Al6061-T6, by rewriting the relationship between the displacement amplitude
and the detected current signal amplitude shown in Eq. (8) as follows:

AðωÞj j ¼ HðωÞj j IoutðωÞj j ¼ H ωð Þj j
Z ωð Þj j VoutðωÞj j ¼ H ωð Þj j

Z ωð Þj j A0ðωÞj j (8)

where Z ωð Þj j is the electrical impedance, VoutðωÞj j is the output voltage signal
from the relative measurement, and A0ðωÞj j is the detected signal amplitude
measured during the relative measurement.

That is, the displacement-proportionality coefficient α corresponds to the
ratio of the transfer function H ωð Þj jto the electrical impedance Z ωð Þj j.

The experimental setup of the nonlinear measurement in the absolute
measurement was the same as that of the relative measurement, where the
only difference was that the current was measured in the absolute measure-
ment, rather than the voltage. The electrical impedance (about 50 Ω)
remained constant during the measurements at the measurement frequencies
(5 MHz and 10 MHz), as shown in Fig. 8, which happens because input and
output impedances of electronic equipment such as transducer, cable, and
oscilloscope are commonly designed by 50 Ω coupling. Furthermore, the
transfer function of fused silica and Al6061-T6 was almost the same, as
shown in the previous result. Therefore, the displacement-proportionality
coefficient α was similar for both materials.

Figure 7. Comparison of the detected signal amplitude with the displacement amplitude, to
estimate the displacement-proportionality coefficient α.
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On the other hand, the wavenumbers are different because the longitudi-
nal velocities of fused silica and Al6061-T6 are quite different; hence, the
compensation factor k0 cannot be ignored. The factor k0 is 1.15 for our
materials. After multiplying this factor by the ratio of the relative parameters,
as shown in Eq. (4), we obtain the ratio of the relative parameters, 0.55. This
is almost the same as the fractional ratio of the absolute parameters; hence,
we can confirm that the theoretically proposed relationship between the
absolute and the relative parameters in Eq. (4) was experimentally verified.

6. Conclusions

The second-order ultrasonic nonlinear parameter β, the so-called absolute
parameter, is defined by the displacement amplitude of the second-order
harmonic frequency component. However, the relative parameter β0, which is
defined by the detected wave signal amplitude, regardless of displacement or
not, has been more widely used for relative comparison of nonlinearity
between materials. This has occurred because the relative parameter allows

Figure 8. Output electrical impedance measured in the nonlinear measurement process for the
absolute measurement at interesting frequencies: (a) 3.5–6.5 MHz and (b) 8.5–11.5 MHz.
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conventional piezoelectric transducers to be used for measurement, which is
convenient and practical in field applications. However, the relative para-
meter can only be used for a qualitative comparison between different
materials, not quantitative. Nevertheless, this relative parameter has been
recklessly used for assessing material degradation.

In this study, we made it clear that the fractional ratio of the relative
parameters of different materials is not identical to that of the absolute
parameters, while a method for obtaining the relative ratio of the absolute
parameters in different materials by measuring the relative parameters was
proposed, in which the material-dependent differences such as detection-
sensitivity and the wavenumber are compensated for. The proposed method
was experimentally verified using two different materials, fused silica and
Al6061-T6. The fractional ratio of the absolute parameter of Al6061-T6 to
that of fused silica was compared with the fractional ratio of the relative
parameters for Al6061-T6 to that for fused silica, after compensation. The
experimental results show that the fractional ratio of the absolute parameters
was almost the same as that of the relative parameters after compensation,
which verified the validity of the proposed method. Consequently, the frac-
tional ratio of the absolute parameters between two different materials can be
obtained by compensating that the ratio of the relative parameters, which
then allows a quantitative comparison of the ultrasonic nonlinearity between
different materials.

In this article, we only tested a case in which the acoustic impedance was
slightly different; hence, for further study, it will be interesting to apply this
method to other materials having a large difference in acoustic impedances.
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