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Abstract – The influence of electron spin-interaction is investigated on the propagation of the
symmetric and the anti-symmetric modes of the surface plasma waves in a quantum plasma slab.
It is found that the electron spin-interaction effect enhances the phase and group velocities of the
surface wave in a quantum plasma slab. It is also found that the phase and group velocities of the
symmetric mode are always greater than those of the anti-symmetric mode in a quantum plasma
slab. In addition, the influence of electron spin-interaction on the surface plasma wave diminishes
the backward propagation domain of the anti-symmetric mode in bounded quantum plasmas. The
variation of the physical characteristics of the surface quantum plasma waves due to the electron
spin-interaction is also discussed.

Copyright c© EPLA, 2015

In recent years, there has been a considerable interest
in investigating the physical characteristics of atomic pro-
cesses in dense plasmas and physical properties of semi-
classical and quantum plasmas [1–16] in various nanoscale
devices since the quantum plasmas have been found in
modern sciences and technologies, such as nanowires,
quantum dots, quantum wells, and semiconductor devices.
In addition, the physical processes in dense plasmas have
been extensively investigated by using the linearized quan-
tum hydrodynamic equation encompassing the Bohm po-
tential term and the Fermi-Dirac distribution since the de
Broglie wavelength of the plasma particle would be com-
parable to the atomic scale in semiclassical and quantum
plasmas [7,8,10,11]. It has been recently shown that the
quantum Bohm potential effect generates the propagation
mode of the electrostatic oscillations in quantum plas-
mas even though the stationary electrostatic oscillation
mode would only be produced in cold classical plasmas [9].

(a)E-mail: ydjung@hanyang.ac.kr
(b)Permanent address.

Very recently, the dispersion relation has been obtained
including the influence of electron spin-current term in
quantum plasmas [12,16]. In addition, the surface plasma
waves [17–26] in bounded or semi-bounded plasma systems
have been extensively explored in many areas of physics
since the frequency spectra have provided useful infor-
mation on various plasma parameters. It has been also
shown that the dispersion relation of the surface wave
in the plasma-vacuum interface has various applications
in numerous areas such as laser physics, materials sci-
ence, nanotechnology, plasma spectroscopy, and surface
sciences [20]. However, the influence of electron spin-
interaction on the surface plasma wave in a thin quan-
tum plasma slab has not been investigated as yet. Thus,
in this letter, we study the electron spin-interaction ef-
fect on the symmetric and anti-symmetric modes of sur-
face plasma waves in a thin quantum plasma slab with
the kinetic dispersion model for the slab geometry since
the investigation of the dispersion properties of the sur-
face plasma wave in a quantum plasma slab would be a
useful tool for investigating the physical characteristics of
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plasma waves as well as the physical properties of bounded
quantum plasmas. We then obtain the dispersion relations
and group velocities including the electron spin-interaction
effect for the symmetric and anti-symmetric modes of sur-
face plasma waves in a quantum plasma slab geometry.
The variation of the physical characteristics of the surface
plasma wave due to the electron spin-interaction is also
discussed.

It is shown that the specular reflection condition [18,20]
has been extremely useful to investigate the propagation
and dispersion properties of surface plasma waves in var-
ious semi-bounded plasmas. According to the mirror-
reflection condition [18] and the translational invariance
in the y-coordinate, the specular reflection condition for
the surface electromagnetic wave propagating along the
z-direction in a semi-bounded plasma with the plasma-
vacuum interface at x = 0 would be determined by the
surface impedances:

(
K2

z c2

Ω2
− 1

)1/2

+
Ω
πc

∫ ∞

−∞

dKx

K2

[
K2

z c2

ω2εl(Ω, K)

− K2
xc2

K2c2 − ω2εt(Ω, K)

]
= 0, (1)

where Kz and Kx are the parallel and perpendicular
components of the wave vector K to the plasma-vacuum
interface, K(=

√
K2

x + K2
z ) is the wave number, Ω is the

frequency, c is the speed of light, εl(Ω, K) and εt(Ω, K)
are the longitudinal and transverse components of the
plasma dielectric function, respectively. In the quasi-static
limit such as Ω2ε/c2 � K2, the specular reflection condi-
tion for the surface electrostatic wave propagating along
the z-direction in the plasma-vacuum interface in semi-
bounded plasmas would be obtained by

1
π

∫ ∞

−∞

dKx

(K2
x + K2

z )
Kz

εl(Ω, Kx, Kz)
+ 1 = 0, (2)

which is the well-known Alexandrov-Bogdankevich-
Rukhadze [18] formula for the electrostatic wave in a
semi-bounded plasma. It is also shown that the physi-
cal properties of surface electrostatic plasma waves would
be resolved by the longitudinal plasma dielectric func-
tion εl(Ω, Kx, Ky). However, the investigation of kinetic
dispersion relations of surface waves in bounded plasmas
such as plasma column and slab geometries is rather few
since its complexity due to the multiple boundary condi-
tions [20]. Here, we consider a slab geometry (0 ≤ x ≤ L)
of the quantum plasma bounded by a vacuum (x < 0
and x > L). Recently, Lee and Lim [22] have obtained
the quite useful expression of the kinetic dispersion rela-
tion in a closed form for surface electromagnetic waves
propagating in the z-direction in the plasma slab between
the interfaces at x = 0 and x = L in the following

integral form:

∫ ∞

−∞

dKx
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(
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x
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+

K2
z

εl

)(
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+ i
c2
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dKx Kx(K2
z − Ω2/c2)1/2

εt − c2K2/Ω2
= 0, (3)

by using the appropriate physical boundary conditions
for the plasma distribution and the electric E and mag-
netic B fields at the plasma-vacuum interfaces and the
Fourier transform method with extending of the plasma
electric field out of the bounded plasma domain since
the plasma solutions and the vacuum solutions should be
matched at the interfaces x = 0 and x = L. In the elec-
trostatic wave modes such as taking the limit c → ∞,
i.e., Ω2ε/c2 � K2, the kinetic dispersion relation [22,26]
for electrostatic waves for a plasma slab in the region
0 ≤ x ≤ L, i.e., a bounded plasma with thickness L,
is given by

1
π

∫ ∞

−∞

dKx

(K2
x + K2

z )
Kz

εl(Ω, Kx, Kz)

(
1 ∓ eiKxL

1 ± eiKxL

)
+ 1 = 0.

(4)
However, for a very thin quantum plasma slab, i.e. the
L → 0 case, the volume number density of the plasma slab
would be replaced by σsδ(x) where σs is the surface par-
ticle number density [22]. In eq. (4), the upper and lower
signs in the integrand correspond to the symmetric and
the anti-symmetric modes of surface plasma waves. In the
evaluation of integrals in eq. (4), the singularities associ-
ated with 1 ± eiKxL = 0 in the denominator should be
ignored in the Cauchy contour integration and, however,
other singular points of the denominator in the integrand
caused by εl(Ω, Kx, Kz) are to be substituted into the
exponential terms. If we take L → ∞, i.e., the thickness
of the plasma slab is then extended to infinity, the ex-
ponential terms eiKxL in the integrand in eq. (7) vanish
due to rapid oscillations so that eq. (4) reduces to eq. (2)
for the kinetic dispersion relation of the surface waves in
semi-infinite plasmas.

It is shown that the classical cold electron plasma with
the plasma dielectric function εcp(Ω)(= 1 − ω2

pe/Ω2) pro-
duces the non-propagating pure electrostatic Langmuir
oscillating mode with the frequency Ω = ωpe, where
ωpe[= (4πnee

2/me)1/2] is the electron plasma frequency,
ne is the electron number density, and me is the electron
mass [9,23]. However, it is also shown that the quantum
Bohm potential term (�2/2m2

e)∇[(∇2n
1/2
e )/n

1/2
e ] gener-

ates the propagation mode of the electrostatic oscilla-
tions in quantum plasmas with the dispersion relation [9]:
Ω = ωpe(1 + K4λ4

q)
1/2, where λq(≡�

2/4m2
eω

2
pe)

1/4

is the quantum wavelength. Recently, Shukla and
Eliasson [16] obtained the quantum plasma dielectric func-
tion εqp(Ω, K) including the influence of quantum current
term and electron spin-interaction correction in quantum
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plasmas such as

εqp(Ω, K) = 1 −
ω2

pe

Ω2
−

ω2
pe�

2K2

m2
eΩ4

×
(

K2
F

5
+ α

K2

4
− β

3
40

ω2
pem

2
e

�2K2
F

)
, (5)

where � is the rationalized Planck constant, KF [=
(2meEF /�

2)1/2] is the Fermi wave number, and EF [=
(�2/2me)(3πne)3/2] is the Fermi energy. Here, the set of
parameters α = 1 and β = 0 represents the case of the
plasma dielectric function [11] including the influence of
the electron spin current, the electron-exchange potential,
and the electron spin contribution and, however, the other
set of parameters α = 0 and β = 1 stands for the case
of the dielectric function discarding the contribution of
the electron spin-interaction correction and only retaining
the influence of electron-exchange potential in quantum
plasmas. We have then found that the square term K2/4
inside the parentheses in eq. (5) is due to the electron spin-
interaction effect. Hence, it is found that the influence of
quantum-mechanical and electron spin-interaction would
provide the propagation mode [21] of the bulk plasma wave
in quantum plasmas. In order to specifically investigate
the electron spin-interaction effect on the surface plasma
wave in a quantum plasma slab, we consider two combi-
nations such as “α = 1 and β = 0 (spin-on case)” and
“α = 0 and β = 1 (spin-off case)” since the influence of
electron spin-interactions is usually smaller in the range of
small wave number domain. Since the singularities associ-
ated with 1± eiKxL = 0 should be removed in the contour
of Kx-integration in eq. (4), the dispersion relations for
the symmetric and the anti-symmetric modes of the sur-
face plasma waves in the quantum plasma slab bounded
by the interfaces at x = 0 and x = L are, respectively,
obtained by the following contour integrations:
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40
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= 0, (7)

where kx ≡ Kxλq, kz ≡ Kzλq, L̄ ≡ L/λq, ω ≡ Ω/ωpe,
kF ≡ KF λq, and the contour C stands for the upper-
half domain of the complex kx-plane. Here, the sym-
metric or the anti-symmetric mode of the surface plasma

wave corresponds to the symmetric or the anti-symmetric
case with respect to the axis of the plasma slab in the
z-direction. Hence, the dispersion relations for the sym-
metric and the anti-symmetric modes, eqs. (6) and (7),
would be quite useful to investigate various physical char-
acteristics of the electrostatic surface quantum plasma
waves in a quantum plasma slab geometry including the
electron spin-interaction effects. As we can see in eqs. (6)
and (7), the symmetric and the anti-symmetric modes are
merged into the single surface wave mode of the semi-
bounded quantum plasma as L → ∞, i.e., semi-bounded
case:

1
π

∫ ∞

−∞

dkx kz

(k2
x + k2

z)

[
1 − 1

ω2
− (k2

x + k2
z)

ω4

×
(

4k2
F

5
+ α (k2

x + k2
z) − 3β

40

)]−1

+ 1 = 0. (8)

In eqs. (6) and (7), the primary and the quantum singu-
larities are, respectively, distinguished by

k2
x + k2

z = 0, (9)

ω4−ω2−(k2
x + k2

z)
(

4k2
F

5
+ α (k2

x + k2
z) − 3β

40

)
= 0. (10)

Hence, the dispersion relations of the symmetric and the
anti-symmetric modes of surface plasma waves in a quan-
tum plasma slab would be then obtained by using the
contour integrations with one primary pole and two quan-
tum poles since the three singularities in the upper-half
region of the complex kx-plane would provide the con-
tribution to the contour integrations among the total six
primary and quantum poles. Very recently, it has been
found that the electron-exchange effect [27–30] due to the
electron 1/2-spin plays a significant role in the formation
of the plasma dielectric function as well as the effective in-
teraction potential in quantum plasmas. Hence, the influ-
ence of electron-exchange on the propagation of the surface
plasma wave in bounded quantum plasmas will be treated
elsewhere. In dense quantum plasmas [1,13] composed of
electrons and ions, the ranges of the plasma number den-
sity n and the temperature T are, respectively, known to
be about 1020–1024 cm−3 and 5 × 104–106 K. In addition,
the physical properties of quantum plasmas [31] would
be represented by the plasma coupling parameter Γ[=
(Ze)2/akBT ], the density parameter rs(= a/a0), the de-
generacy parameter θ(= kBT/EF ), where Z is the charge
number of ion, a is the average distance between parti-
cles, kB is the Boltzmann constant, and a0(= �

2/me2)
is the Bohr radius of the hydrogen atom. The electron
spin effect due to an intrinsic property of electrons on the
surface plasma waves has not been investigated in quan-
tum plasmas. Recently, it has been shown that the spin-
dependent part of the response tensor would be obtained
by the vertex function using the Dirac theory [32]. Hence,
the influence of intrinsic electron spin on the propagation
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Fig. 1: (Colour on-line) The dispersion relations ω(kz) of the
symmetric and anti-symmetric modes of surface plasma waves
in a quantum plasma slab when L̄ = 10 and kF = 0.6. The
symmetric modes of surface quantum plasma wave including
the electron spin-interaction effect: spin-on case (red solid
curve); neglecting the electron spin-interaction effect: spin-off
case (red dotted curve). The anti-symmetric modes of surface
quantum plasma wave including the electron spin-interaction
effect: spin-on case (black solid curve); neglecting the electron
spin-interaction effect: spin-off case (black dotted curve).

of the surface plasma wave in bounded or semi-bounded
quantum plasmas will be treated elsewhere.

Figure 1 shows the two dispersion relations of the sym-
metric and the anti-symmetric propagation modes of the
surface plasma waves in a quantum plasma slab as func-
tions of the scaled wave number kz(= Kzλq). As it can
be seen, the anti-symmetric mode of the surface plasma
wave has a non-zero finite value and, however, the sym-
metric mode becomes zero as kx → 0. It is interesting
to note that the two dispersion modes merge into a sin-
gle mode in a quantum plasma slab with increasing wave
number kz. From this figure, we have found that the elec-
tron spin-interaction effect increases the wave frequency
ω for both the symmetric and the anti-symmetric prop-
agation modes. It is also shown that the electron spin-
interaction effects on the anti-symmetric mode are more
significant than those on the symmetric mode, especially,
for small wave number domains. As shown in fig. 1, we
find that the wave frequency ω of the anti-symmetric mode
of the surface plasma wave decreases and then increases
after the local minimum with an increase of the wave
number kz. It is also found that the wave frequency ω
of the symmetric mode monotonically increases with in-
creasing wave number kz. Hence, we have found that the
phase velocities (ω/kz) of the symmetric mode are always
greater than those of the anti-symmetric mode in a quan-
tum plasma slab. Figure 2 represents the group velocities
vg(= dω/dkz) of the symmetric and the anti-symmetric
propagation modes of surface plasma waves in a quantum
plasma slab as a function of the wave number kz. From
this figure, it is shown that the group velocity vg of the
anti-symmetric mode of the surface plasma wave would

0 0.5 1 1.5 2
−2

−1

0

1

2

3

kz

V
g

Spin on
Spin off
Spin on
Spin off

Anti−symmetric

Symmetric

Fig. 2: (Colour on-line) The group velocities vg(kz) of the sym-
metric and anti-symmetric modes of surface plasma waves in
a quantum plasma slab when L̄ = 10 and kF = 0.6. The
anti-symmetric modes of surface quantum plasma wave includ-
ing the electron spin-interaction effect: spin-on case (red solid
curve); neglecting the electron spin-interaction effect: spin-off
case (red dotted curve). The symmetric modes of surface quan-
tum plasma wave including the electron spin-interaction effect:
spin-on case (black solid curve); neglecting the electron spin-
interaction effect: spin-off case (black dotted curve).

be negative in small wave numbers and becomes positive
in large wave numbers so that the corresponding anti-
symmetric surface wave is propagating in the backward
direction in a quantum plasma slab in small wave number
domains. This kind of backward propagation [19] mode
of the plasma wave has been also found in surface wave
propagations in a plasma column with waveguide geome-
try. For the symmetric mode, it is shown that the group
velocity vg is always positive for all wave numbers so that
the symmetric wave is propagating in the forward direc-
tion. It is important to note that the influence of electron
spin-interaction suppresses the group velocities of the sym-
metric and the anti-symmetric modes of surface plasma
waves. It is also found that the group velocities vg of
the symmetric propagation mode are always greater than
those of the anti-symmetric propagation mode in a quan-
tum plasma slab. In addition, the influence of electron
spin-interaction diminishes the backward propagation do-
main of the anti-symmetric mode of the surface plasma
wave. Figure 3(a) represents the critical wave number
(kz)c of the group velocity vg for the anti-symmetric mode
of the surface plasma wave, i.e., the position of the zero
group velocity, as a function of the scaled Fermi wave num-
ber kF (= KF λq) for various values of the slab thickness
L̄(= L/λq) when the influence of electron spin-interaction
is neglected (spin-off case) in a quantum plasma slab.
From this figure, the critical value (kz)c of the wave num-
ber slightly decreases with an increase of the Fermi wave
number kF . It is also shown that the critical value (kz)c

of the wave number decreases with increasing slab thick-
ness L̄. Figure 3(b) shows the critical wave number (kz)c
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Fig. 3: (Colour on-line) (a) The critical wave number (kz)c

of the group velocity vg for the anti-symmetric surface plasma
wave as a function of the Fermi wave number kF neglecting the
influence of electron spin-interaction (spin-off case). The solid
line is the case of L̄ = 10. The dot-dashed line is the case
of L̄ = 20. The dotted line is the case of L̄ = 30. (b) The
critical wave number (kz)c of the group velocity vg for the anti-
symmetric surface plasma wave as a function of the Fermi wave
number kF including the influence of electron spin-interaction
(spin-on case). The solid line is the case of L̄ = 10. The dot-
dashed line is the case of L̄ = 20. The dotted line is the case
of L̄ = 30.

of the group velocity vg for the anti-symmetric mode of
the surface plasma wave as a function of the scaled Fermi
wave number kF for various values of the slab thickness L̄
when the influence of electron spin-interaction is included
(spin-on case) in a quantum plasma slab. As shown, the
critical wave number (kz)c for the spin-on case is quite dif-
ferent from that for the spin-off case due to the quantum-
mechanical effect. For the spin-on case, the critical value
(kz)c of the wave number has a strong dependence on the
Fermi wave number kF and shows the maximum peak in
the domain 0 < kF < 1. It is also shown that the peak
position of the Fermi wave number kF is getting smaller
with an increase of the slab thickness L̄. However, the
corresponding critical value (kz)c of the wave number for
the peak position decreases with an increase of the slab
thickness L̄. Hence, we have found that the electron spin-
interaction effect is quite important for the investigation
of the critical wave number (kz)c for the anti-symmetric
mode of the surface plasma wave. From this work, we
have found that the electron spin-interaction effect plays
a crucial role in the physical characteristics and propaga-
tion modes of surface plasma waves in a quantum plasma
slab. These results would be useful for understanding the
dispersion properties and physical characteristics of sur-
face plasma waves in bounded quantum plasmas in various
nanodevices.
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